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ABSTRACT

Offshore logistics operations must continuously balance safety, fuel efficiency, and emissions reduction while
navigating under uncertain and highly variable sea states. To address this challenge, we present an a-cut interval
framework in which environmental uncertainties, specifically wave height and wind speed, are modeled as fuzzy
numbers. Their corresponding a-level intervals are systematically propagated through a discrete vessel dynamics
model, focusing on surge and heave responses. This procedure generates families of nested motion envelopes that
tighten monotonically with increasing a, thereby producing deterministic yet progressively refined safety bounds
without relying on full probabilistic distributions. A case study off the Karnataka coast is used to demonstrate the
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approach for a 20 km offshore supply voyage. Route planning constrained by a-envelopes ensures adherence to
vessel structural and stability limits while enabling optimized transit speed. Comparative evaluation indicates that,
relative to standard interval analysis, a-cut propagation substantially reduces over-conservatism, while against
Monte Carlo-based envelopes it achieves similar coverage with significantly lower computational effort. Sensitiv-
ity analyses further quantify the influence of a-grid resolution, membership-function design, and hydrodynamic
coupling coefficients on envelope width, fuel use, and emissions. In the tested scenario, higher a levels allow up to
15% reduction in worst-case energy consumption and nearly 10% reduction in CO, emissions, all while preserving
safety margins. Overall, the proposed framework is transparent, computationally efficient, and easily integrable
into digital-twin-enabled operational workflows, providing a practical and sustainable decision-support tool for
adaptive offshore logistics planning.

Keywords: Fuzzy Uncertainty; Interval Propagation; a-cut Methodology; Vessel Dynamics; Route Planning; Emis-

sion Analysis

of o -cuts:

1. Introduction and Motivation
1.1. Background and Motivation: Offshore E* ={zlnz(z) = a},a €0,1].
Logistics under Environmental Uncer-
tainty

By propagating these a-level intervals through ves-

sel dynamics (e.g., 6-DOF linear motion equations 2),

Offshore logistics operations-such as cargo trans-
fer, supply runs to offshore platforms, and crew transit-
are inherently exposed to highly variable sea condi-
tions. Key environmental inputs (wave height H, wind
speed U, current velocity C ) often lack precise proba-
bilistic descriptions due to sparse measurements and
forecasting errors. Fuzzy set theory remedies this by
representing each uncertain input as a fuzzy variable z
with membership function u;(2) and deriving its family

1.0r

0.6

0.4r

Membership Degree

0.0

one obtains predictive motion envelopes that bound the
vessel's state x(t) under epistemic uncertainty !, This
approach enables operators to plan safe and energy-
efficient routes without assuming full probability distri-
butions.

This plot of Figure 1 illustrates how the fuzzy in-
terval for wave height is decomposed into nested a-
level sets, which form the basis for interval propagation
through motion equations.

0.00 0.25 0.50 0.75

1.00 1.25 1.50 1.75 2.00

Wave Height (m)
Figure 1. Triangular fuzzy membership function for wave height with several a-cuts.
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Establishing membership functions (for Figure 1).
We build fuzzy inputs from forecast bands and archives:
(i) Data: 7-10 day forecast ranges (IMD) plus sea-
sonal percentiles (P10/P50/P90).
(ii) Parameterization: triangular (a,m,b) for wave
height with a = lower band (or P 10 ), m= mode
(P50/most-likely), b = upper band (or P90). Wind
uses trapezoids when forecast plateaus exist.
(iii) Calibration: choose (a,m,b) (or trapezoid cor-
ners) to minimize absolute error between a-cut en-
velopes and historical hourly measurements over a
rolling window.
(iv) Sensitivity: report envelope width changes when

+10% perturbations are applied to ( a,m,b).

a forecast 0.4 — 1.8m with modal 1.0
m yields the triangular ( 0.4,1.0,1.8 ); a-cuts follow
[h],=[m — (m —a)(1—),m+ (b —m)(1 —)]. This pro-
cedure creates reproducible, auditable fuzzy inputs for real-

Example:

time runs.

1.2. Research Gaps in Motion-envelope Pre-
diction

Existing envelope-prediction methods fall into two
broad categories:

¢  Monte Carlo simulations, which approximate proba-
bilistic envelopes but require precise distributional
models and incur high computational cost, espe-
cially for rare extreme events 2],

e Interval arithmetic approaches, which propagate
deterministic bounds but suffer from the depen-
dency problem, leading to overly conservative en-

velopes that may be operationally impractical 13/,

While preliminary fuzzy-based studies have demon-
strated static load envelope generation for marine struc-
tures, a rigorous a-cut propagation framework for dy-
namic vessel motion-accounting for linear and bilinear
coupling in 6-DOF models, is still missing. Moreover, the-
oretical properties (e.g., monotonicity, convexity) of such
envelopes under successive time steps have not been es-
tablished.

1.3. Contributions

This paper addresses the above gaps by:
(i) Formulating a general a-cut interval propagation
algorithm for 6-DOF linear vessel dynamics under
fuzzy environmental inputs.
(i) Proving theoretical results on the monotonicity
and convexity of the generated motion envelopes
with respect to .
(iii) Analyzing computational complexity (showing
O (N¢Nqn®) for an n-state system) and demon-
strating tightness improvements over standard in-
terval methods.
(iv) Demonstrating the framework via a case study on
a supply vessel route, including sensitivity analysis
to a-granularity and comparison with Monte Carlo

envelopes.

This study contributes: (i) a general a-cut inter-
val propagation scheme for linear/bilinear vessel dy-
namics; (ii) proofs of monotonicity and convexity of
motion envelopes in «; (iii) a complexity analysis and
decorrelation tactics to curb dependency overestima-
tion; (iv) a field-realistic Karnataka route case with
envelope-constrained speed optimization; and (v) quan-
tified safety-energy-emissions trade-offs that inform op-
erational set-points.

1.4. Scientific Basis of a-Cut Interval Propa-
gation

The framework rests on three pillars: (1) the resolu-
tion principle, which reconstructs a fuzzy set from its a-
cuts; (2) interval arithmetic with inclusion, ensuring all re-
alizations are enclosed under linear/affine maps; and (3)
nestedness of a-cuts (a1 < ag = [Z]ay, C [#]a,), Which
induces envelope tightening with «. For linear state up-
dates z+1 = Axy, + Buy + Fwy, with disturbance a-cuts
[w], the reachable set image under affine maps preserves
convexity and inclusion, yielding the monotone, nested en-
velope family {[z]a}, ¢, used for operations. These
properties justify using « as a confidence-like knob linking

safety margins to fuel/emissions in planning,
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2. Mathematical Foundations of
Fuzzy Sets, a-Cuts, and Interval
Arithmetic

2.1. Basics of Fuzzy Sets and Membership
Functions

A fuzzy set A over a universe X is characterized by
a membership function 3 : X — [0,1], where u z(x)
quantifies the degree to which z belongs to A. Classical
set operations extend to fuzzy sets via[*:
e Union: pu35,5(x) = max {p 7(z), pg(z)}
« Intersection: p 5 z() = min {p (), ng(z)}

e Complement: i z.(x) =1 — pz(x)

Common membership shapes include triangular,
trapezoidal, and Gaussian. For a triangular fuzzy num-

berz = (Zl, Z9, 23),

0, z <z
Z—Z1
pa(z) = { = 21 <2< 2
Z23—Z .
i, 2525123
0, z > z3

Such functions allow continuity of uncertainty mod-

eling between “hard” boundaries >,

2.2. a-Cut Representation of Fuzzy Inter-
vals

Every fuzzy set z admits a family of a-cuts-crisp in-
tervals defined by

[F]* ={z € X [ pz(2) = a} ,a € [0,1].

For fuzzy numbers, each [Z]* is a closed interval

[2%, 2%]. Two key properties hold:

@

(ii) Reconstruction: uz(z) =

Nestedness: a; < ag = [2]*2 C [2]“.
sup {a | z € [2]*} (the
resolution principle) (¢,

By working with intervals at discrete a-levels, one

obtains a tractable approximation of the full fuzzy set.

2.3. Fundamentals of Interval Arithmetic

Given intervals X = [z,Z] and Y = [y, g, basic op-

erations are defined as!”):

X+Y=[z+yz+y, X xY =[minS maxS$],

where S = {zy, 2y, Ty, Zy}. Two important concepts:

e Inclusion property: If z € X and y € Y, then
zoy € XoY foro € {+,—, x,+} (assuming 0 ¢ Y
for division) 7],

e Dependency problem: Repeated use of the same in-
terval variable (e.g. X — X) can yield overestima-
tion:

X-X=[z—7i—z] # {0}

Various strategies (e.g.\affine arithmetic, decorre-
lation techniques) exist to mitigate dependency-induced
conservatism (8,

2.4. Governing Equations of Vessel Motion
(6-DOF Linearized Form)

Under small-amplitude assumptions, vessel dy-
namics around a trim state can be linearized in state-

space form [ 101
X(t) = Ax(t) + Bu(t) + w(t),
Where,

e 2z € R® is the state vector [n;v], with n=

( z,y,2,0¢,0,v) positions/angles and v =( u,v,w,
D, q,7) body velocities-

e u(t) are control inputs (e.g. I thrust forces),

e w(t) are environmental disturbances (waves, wind)
modeled below as fuzzy variables,

o AeR%% and Be R%*™ arise from mass, damping, and
stiffness matrices.

In explicit form, the surge (u ) and heave (w) equa-
tions read:
miiu+diiu = Xenv(t); ma3W+dszw+kszz = Zenv(t)a

with m;; added mass, d;; damping, k33 hydrostatic stiff-
ness, and X, ,Zeny fuzzy-modeled excitation forces.
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The full 6-DOF matrix A is built from these scalar coef-

ficients[].

2.5. Method Choice: Why a-Cuts?

Type-1 a-cut intervals were selected over (a) Type-
2 fuzzy sets (tighter semantics but heavier compu-
tation/less interpretability onboard), (b) pure proba-
bilistic routing (needs full PDFs and large Monte-Carlo
samples for extremes), and (c) robust sets without
(opaque conservatism). a-cuts (i) deliver determinis-
tic guarantees via inclusion, (ii) expose a single, oper-
ational parameter (a) to dial safety vs. efficiency, and
(iii) map cleanly into envelope-constrained optimization.
In our case study, a-cuts matched MC-percentile en-
velopes with « samples and clearer operator tuning.

3. Envelope Formulation & Prop-
erties (Monotonicity/Convexity
Theorems)

3.1. Definition of the Motion Envelope Un-
der Deterministic vs. Fuzzy Uncer-
tainty

Let the deterministic reachable set of the state at

time ¢ under exact inputs u(7), w(7) be

R(t) = {z(t) | £ = Az + Bu + w,z(0) = xo,
u(t) € U,w(r) € WVt € [0,t]},
where U, W are crisp input/disturbance sets. Un-

der fuzzy environmental inputs w, each «-cut yields an

interval-valued disturbance set

and similarly, U¢ if controls are uncertain. We define

the fuzzy motion envelope at level a by
E“(t) ={z(t) | + = Az + Bu + w, z(0) € X§,
u(r) e U%, w(r) € W}

Thus E*(t) is an interval over-approximation of
R(t) that tightens as a—111,

The scientific foundation of the a-cut propagation
method lies in its rigorous treatment of epistemic un-
certainty through interval-valued dynamic systems. By
decomposing fuzzy environmental variables into nested
a-level intervals, the method leverages classical inter-
val arithmetic to propagate uncertainties through time-
discrete vessel dynamics. The use of monotonic and
convex properties ensures that the solution space re-
mains mathematically tractable. Furthermore, this ap-
proach provides guaranteed inclusion (i.e., all possible
real-world responses lie within the envelope) without
relying on full probabilistic distributions an advantage

in data-scarce maritime settings.

3.2. Construction of Nested Interval Sets
via a-Levels

Discretize « € {l=a¢9 >a; > -+ >ay =0}
Let

Xi = [z, 7]

denote the state-interval at time step k. Then using in-

terval arithmetic:
Xp = AX, © BUL @ W

where each matrix-interval product is computed via
AX = n;ll]n (a’ljg‘]) Cl”le) ) H;l?;lX (G/ZJ£]7 a’b]‘rj>

By the nestedness of a-cuts,
a; < aj = X;:] - X;;Z

and thus, the family X} forms a decreasing chain of
nested intervals 2],

This plot in Figure 2 displays the predicted en-
velope intervalsXs for surge force at three a level
(«=0.0,0.5,1.0).

property (E** C E* for gy > «1) by showing higher a

It visually confirms the nestedness

yielding narrower interval.
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Figure 2. Nested Surge-Force Envelopes at Time Step k= 2.

3.3. Theorem: Monotonicity and Convexity
Properties of o-Cut Envelopes

Theorem 1. (Monotonicity).
For any two levels a1 ,a2€ 1 with a; <as, the corre-

sponding motion envelopes satisfy
E%2(t)SE® (t)V120

Proof (Induction on time steps).
Base case (t=0): By construction Xj*CSX".
Inductive step: Assume X,?SX,"*. Then since inter-

val addition and multiplication preserve inclusion ("),

o
Xk+1

C AXX @ BUM @ W

=AX,”? ® BU? @ W.**
= Xlgil'

Thus by induction the monotonicity holds for all %,
whence for all continuous # 13,

Theorem 2. (Convexity).

If X§,Uy, and W are convex (they are intervals)
and the system is affine in z,u,w, then each envelope
E“(t) is a convex set.

Proof: The image of a convex set under an affine

map f(x)=Ax+Db is convex. Here, each step
xk+1:A:vk+Buk+wk

is affine in (zy,ug,wy ), and the Cartesian product of con-
vex sets ( X xUpxW* ) is convex. Thus, the reachable

set after one step is convex. Repeated applications main-
[14]

tain convexity for all £,
3.4. Proof Sketch for Envelope Inclusion Re-
lations

Beyond monotonicity, one often needs error

bounds on the over approximation. Let

o

>

e

the width of the envelope. One can show via Gréonwall-
type arguments that

IBIAUO+Aw®
6(l< A1z & 60( +
k=€ 0 4l

@),

where Au®=u*—u® and similarly for Aw® 3!, This
bound confirms that envelope growth is exponential in
time but linear in input-uncertainty width.

3.5. Validation and Benchmarking

To establish the credibility of the «a-cut interval
framework, we perform two complementary validation
exercises:

Benchmarking against Monte Carlo: We gener-
ate 10000 random realizations of wave height and wind
speed drawn from the same triangular support [0, 2]
m and [5,15] m/s, respectively, and propagate them

through the 2-DOF vessel model. The empirical 95% per-
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centile envelope is then compared to our a =0.05 and
a=0.95 cuts. Excellent agreement (mean absolute devi-
ation < 2% ) confirms that the fuzzy envelopes capture
the probabilistic spread without explicit distributions.

Historical sea-trial data: We apply our frame-
work to measured wave and wind records from a week-
long supply vessel trial off Karwar (provided by KSIC). At
each hourly measurement, we construct the fuzzy inter-
val from £10% sensor uncertainty and propagate it. The
actual recorded surge acceleration always lay within the
predicted envelope, demonstrating both conservatism
and practical tightness.

These exercises verify that (i) our a-cut envelopes
correspond closely to probabilistic bounds, and (ii) they
enclose real responses under field conditions—thus pro-
viding both theoretical and empirical validation of the
method's reliability.

4. Vessel Dynamics & Environmen-
tal Modeling

4.1. State-space Representation of Vessel
Dynamics

We model the vessel's six-degree-of-freedom mo-

tion in the state space form

&(t) = Az(t) + Bu(t) + w(t),

where

e x(t) € RS isthe state [n; v] withn = (z,y, 2,8, 0, )
and v = (u,v,w,p, q,T).

e u(t)ER™ are known control inputs (e.g.) thrust,
rudder angles).

e w(t)ERS are environmental excitation forces and
moments.

e A€R% and BER®™ derive from linearization of

the added-mass, damping, and restoring matrices

Triangular MF: Wave Height

about an equilibrium trim state (16,
In discrete time with step At, this becomes

Tpq1 = Pap + Tug + W,

where @ et T = fOAt eA™ Bdr, and W,
fom eATw(ty + 7)dr.

4.2. Modeling Environmental Inputs as
Fuzzy Variables

Key environmental inputs-wave height H, wind
speed U-are modeled as fuzzy numbers ﬁ,ﬁ For in-
stance, a trapezoidal membership for wind speed:

0, u < Uy
U — Uy
—, ur Su<up
U2 — U1

pg(u) =<1, us < u < ug
Uqg — U
—, uz<u<uy
Ug — U3
0, U > Uy

These fuzzy variables are transformed into fuzzy

force vectors w(t) via a linear mapping
w(t) =CH(t)+DU(t)

so that at each a-level
wie= [CLH]+DI0)"]| = [uwf az).

Here C,D are constant matrices relating sea states
to excitation forces 17 181,

In the Figure 3, the left panel shows the trian-
gular membership function for wave height (ﬁ), while
the right panel displays a trapezoidal membership func-
tion for wind speed ( U ). This juxtaposition highlights
how different fuzzy shapes capture environmental un-
certainty and influence a-cut interval bounds.

Trapezoidal MF: Wind Speed

101 1.0}
(] [
0 0.8} g 08l
g g
a a)
o 0.6 - 0.6
& 5
S04l £ oal
Q Qo
§ 5
202 goz2f
0.0F ¢ : : t . k 4 0.0 : + . d
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0 5 10 15 20

Wave Height (m)

Wind Speed (m/s)

Figure 3. Comparison of Triangular and Trapezoidal Membership Functions.
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4.3. Propagation of o-cut Intervals Through
Linear and Bilinear Terms

For purely linear systems, interval propagation at
level a reads

X =X eruoewy

with matrix-interval products computed as in Section
3.2

However, many marine systems exhibit bilinear
coupling (e.g. . forces proportional to u-x ). A general
bilinear term is

m

i=1
where each E;€R%. Its a-cut propagation uses interval

multiplication:

Xy ®@Ug,; =[minS,max S|, S = {zu;,xu;, Tu;, Tt;}

and then
FXRUR =) B (X ®UL,)
i

which yields an interval enclosure for the bilinear con-

tribution [1% 20],

4.4. Handling Nonlinearity: Interval over-
approximation Techniques

Nonlinear dynamics (e.g.~drag o wu|u| require
tighter enclosures than naive interval arithmetic. Two
common techniques:

@

Mean-value extension: For a nonlinear f(z),

F())Ef (@) ®F ([2))® ([2]Ow)

where 1. is the midpoint of [z] and f'([z]) is an interval

extension of the Jacobian over [ z ] 12122,

(ii) Taylor models: Represent f(x) by a truncated Tay-
lor polynomial plus a remainder bound:

n k) (g,
sw=3 T v @m

where R encloses higher-order terms over [x]. The re-
sulting interval is often much tighter than direct interval

evaluation [23 241,

By embedding these techniques within each a—
level propagation, one obtains more accurate motion en-

velopes while still preserving guaranteed inclusion.

5. Algorithm & Complexity
5.1. Discretization in Time and «

We consider a finite time horizon [0,7] and parti-

tion it into V; uniform steps of size

T
At = —
N)

t

th=kAt, k=0,1,...,N,

Simultaneously, we approximate the continuous a-
axis by a grid of M +1 levels

aj:1—ﬁj:o, 1, .M

so that ap=1 (the core) and ap;= 0 (the support). The
discretized a-cuts are the intervals

(2% = [2%, 2]

for each fuzzy variable z (e.g. \ environmental in-
put) 25261, This twodimensional grid {(¢s,o;)} under-

pins our envelope propagation.

5.2. Step-by-step Envelope Update

Ateach (t;,0;), the state-intervalis X7 = [z77.z,7].

The update to the next time step follows:

m
Xpl = OXY elUMe WP o) E (X eUy)
N—— ——" —— =
linear control  disturbance
propagation inputs interval bilinear
terms
Here:

e & =eA T = [P eATBdr (Section 4.1).

e U;7 and W, are the a-cut intervals for controls
and disturbances at ;.

e XQU; denotes interval multiplication (Section
4.3).

Matrix-interval products and sums use standard in-

terval arithmetic!”!,
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A high-level pseudocode is:
Jjava
Initialize X_0"{a_j} for all
fork=0toN_t-1
forj=0toM:
compute lin = ® * X_k™{a_j}
compute ctrl =1"* U_k"{a_j}
compute dist = W_k™{a_j}
compute bilin = Sigma_i E_i*X_k™{a_j} U_{k,I} "{a_j}
X_{k +1}"{a_j} = lin ctrl dist bilin
This procedure yields a family of envelopes { X, }
that approximate the fuzzy reachable set at each time
step 127281,

5.3. Computational Complexity Analysis

e Linear terms: Multiplying an nxn matrix by an in-
terval vector costs O (n?).

Bilinear terms: Each E; (X ®U;) requires O (n?) to
form the interval product and another O (n?) for
the matrix multiplication, so O (mn?) total for m in-
puts.

¢ Summation and a-levels: For IV; time steps and
M +1a-cuts, the overall cost is

0] (Nt(M—i—l) (n2+mn2)) =0 (NtanZ)

In practice, for modest m and exploiting spar-
sity in A,B,E;, one achieves near O (N;Mn?) perfor-

5.4. Convergence Criteria and Error

Bounds

To guarantee that the discrete envelopes converge
to the continuous fuzzy reachable set as At, Aa—0, we
impose:

(i) Time-step refinement: At¢<d; so that the exponen-
tial approximation ®~/+AAt introduces bounded
local error O (At?).

(i) a-grid refinement: Aa=1/M<d, ensures that

the resolution-principle reconstruction error is
O(Aa)l®l,
Let the envelope width at (t;,¢;) be

||xa1_ (Xj
k=

Then one can show (via a discrete Gronwall lemma) that

”F“Au)i +Aw] (e)\tk _1))

+O(A)+0(Aq)

5y <M (5‘;1’+

where A= ||A]| and A3’ A/ are input/disturbance
widths at level a; 31, As At, Aa—0, the O(+) terms van-
ish, and the discrete envelope uniformly converges to the

continuous one 32331,

6. Implementation

6.1. Choice of vessel parameters

For our case study, we consider a simplified 2-DOF
vessel model (surge and heave), with parameters drawn

mance [29-301, from typical small-supply vessels (see Table 1):

Table 1. Vessel parameters for the simplified 2-DOF (surge and heave) model.

Parameter Symbol Value Unit

Surge added mass mi1 50,000 kg

Surge linear damping mi1 8,000 kg/s

Heave added mass mass3 70,000 kg

Heave linear damping ds3 10,000 kg/s

Sampling time At 1 S

The continuous-time state matrix for each DOF is

-0 | |-0.16 0
S0 —0.142857

A=
0 __dss
mas

We discretize via first-order approximation:

d=e" I+ AAL=
0 0857143

0.84 0 ]

44



Sustainable Marine Structures | Volume 07 | Issue 04 | December 2025

6.2. Specification of fuzzy membership with coupling coefficients C=1,000, N /m and D=
functions 500, N /(m/s).

We model key environmental inputs-wave height Thus: W ge =[1000c,1000(2— )], Wi e =

B4, [500(5 + 5),500(15 — 5)].

H and wind speed U-as triangular fuzzy numbers

¢ Wave height: H=(0, 1,2)m= membership 6.3. Computational Setup
. [h—=02—-h . . : :
= (h)=max | min T-03-1 (" 0}. Allinterval arithmetic and a-cut propagations were
implemented in Python using the Pylnterval library and
«  Wind speed: U=(5, 10, 15)m/s= membership standard NumPy routines '25. Calculations follow the up-
date law:

~(w)=maz  min u=b 15-u |
Hg\t)= 10—5'15—10 [’

Their a-cuts are:

X =X W

with initial condition X§'=[0,0]" for both DOFs.
H|* = [a,2—q], [U]* = [5+5a,15—5a], a € [0,1]. )
[H]" = la,2=a], [U]* = [5+5a o), a€[0.1] 6.4. Step-by-step Numerical Example

We convert these into disturbance-force intervals .
We demonstrate two time-steps ( k=0—1-2) for

via
three o levels: a=1.0,0.5,0.0 (Table 2).
We=C[H]*®D[U]%, (i) Compute disturbances W*

Table 2. Environmental disturbance-force intervals W' for the numerical example.
@ Surge W& [N] Heave W [N]
1.0 [1000, 1000 [500(10), 500(10)] = [5000, 5000]
0.5 [500, 1500] [500(7.5), 500(12.5)] = [3750, 6250]
0.0 [0, 2000] [500(5), 500(15)] = [2500, 7500]

(ii) Time-step k=0-1: 28 ,=0.841 O+ 1V

T8 =0.84W 2+ W
Xe=0XS@W=[0,00 W =W

e Heave:
Thus X{*=W* as in the table 2 above.
x5 ,=0.857T143W + W7,

(iii) Time-step k=1-2: ~ - _
5 ,=0.857T143W i+ Wy,

Xy =Xy W These envelopes listed in Table 3 illustrate how un-

certainty ( « ) tightens the predicted motion forces over
Compute component-wise: successive time steps.

e  Surge: Numerically:

45



Sustainable Marine Structures | Volume 07 | Issue 04 | December 2025

Table 3. Predicted state-envelope intervals X5 for the numerical example.

« Surge X, g < IN]

Heave Xé{ 5 N1

1.0  [0.84-1,000+ 10,000.84-1,000 + 1,000] = [1840, 1840]
0.5  [0.84-500-+ 5,000.84-1,500 + 1,500] = [920, 2760)
0.0 [0.84:0 + 0,0.84-2,000+ 2,000] = [0,3680]

[0.857143-5,000 + 5,000, ...] = [9285.7,9285.7]
[0.857143-3,750 + 37,500.857143-6,250+ 6,250]
[0.857143-2,500 + 25,000.857143-7,500+ 7,500]

[6964.3,11607.1]
[4642.9,13928.6]

6.5. Software Implementation and Repro-
ducibility

All algorithms were implemented in Python (v3.9)
using NumPy for numerics and the opensource PyInter-
val package (v1.2) for interval arithmetic. Key implemen-
tation notes:

¢  Modular design: We structured the code into sepa-
rate modules for (a) fuzzy set generation, (b) a-cut
interval routines, and (c) state-space propagation.

e  Configuration files: Vessel parameters, a-grid set-
tings, and environmental fuzzy definitions are spec-
ified via YAML, enabling easy replication and param-
eter studies without code changes.

¢ Version control and containerization: The entire
codebase is hosted on GitHub (link in Appendix A),
tagged atrelease v1.0, and encapsulated in a Docker
image to ensure identical dependencies across plat-
forms.

e  Testsuite: We include unit tests for each arithmetic
operation ( #, x,a-cut error bounds) and integra-
tion tests comparing envelope outputs against an-

alytical small-scale examples.

By providing full access to the code, configuration,

and data used in this study, we adhere to FAIR principles

and facilitate future extensions by the community 3%,

7. Case Study: Karnataka Offshore
Voyage

To demonstrate the predictive «-cut envelope
framework in a collected datafrom Karnataka context,
we consider a supply voyage from Mangalore Port to an
offshore platform 20 km west of Karwar. Environmental
forecasts at Mangalore (IMD station) over a 4-hour win-
dow are modeled as time-varying triangular fuzzy num-

bers for wave height I;'k and wind speed ffk

7.1. Scenario Description

e Vessel: Medium supply ship ("M.V. Karnataka Ex-
press”) with 2DOF linearized model as in Section 6
(surge & heave).

e Route: Mangalore Port — Platform (20km) at
constant speed control wu (deterministic, omitted
here).

e  Forecast horizon: 4 hours, At=1h,k=0, 1, 2, 3, 4.

e  Environmental fuzzy data from IMD Mangalore fore-

casts.

7.2. Fuzzy Data and o -Cuts

Table 4 depicts Time-indexed parameters for wave
height and wind speed.

Table 4. Time-indexed triangular fuzzy parameters for wave height and wind speed (IMD Mangalore).

k (h) Hy= (h1,k,h2,5:h3,5) (m) U= (u1,k,u2,k,u3,5) (M/S)
0 (0.4, 1.0, 1.8) (6,12, 18)
1 (0.5,1.2,2.0) (7,13,19)
2 (0.6,1.4,2.2) (8,14, 20)
3 (0.7,1.5,2.3) (9,15,21)
4 (0.6,1.3,2.1) (8,13,19)
~ (6%
For each a€{0, 0.5, 1}, a-cuts are {Uk] = [ug pta (g p—u1 k) us k— (us p—u2,k)] -

[ﬁk} =[h1 p+a (hax—hi k) hsp—a (hs—hoi)],

Table 5. demonstrates Computed a-cuts for H ~_k
and U~ k.
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Table 5. Computed «-cuts for Hy, and Uy, at k=0 and k=4 (intermediate rows omitted for brevity).

~ « ~ «
k a [Hk] (m) [Uk] (m/s)
0 1.0 [1.00, 1.00] [12.0,12.0]
0 0.5 [0.70, 1.40] [9.0,15.0]
0 0.0 [0.40, 1.80] [6.0,18.0]
1 1.0 [1.20, 1.20] [13.0, 13.0]
1 0.5 [0.85, 1.60] [10.0, 16.0]
1 0.0 [0.50, 2.00] [7.0,19.0]
2 1.0 [1.40, 1.40] [14.0, 14.0]
2 0.5 [1.00, 1.80] [11.0,17.0]
2 0.0 [0.60, 2.20] [8.0,20.0]
3 1.0 [1.50, 1.50] [15.0, 15.0]
3 0.5 [1.10, 1.90] [12.0,18.0]
3 0.0 [0.70, 2.30] [9.0,21.0]
4 1.0 [1.30, 1.30] [13.0, 13.0]
4 0.5 [0.95, 1.70] [10.5, 16.0]
4 0.0 [0.60, 2.10] [8.0,19.0]

7.3. Disturbance-Force Intervals

[ﬁl}o"r’ —[0.85,1.6], [61]0'5 _ [1016],

Using coupling C'=1,200N /m,D=600N/(m/s),

we=c [m] oD 0]

E.g lat k=1,0=0.5:

WP+ = 1,200 - 0.85 + 600 - 10, 1,200 - 1.6 + 600 - 16]
= [(1,020 + 6,000), (1,920 4 9,600)]
= [7,020,11,520] N

Table 6 shows Disturbance intervals.

Table 6. Disturbance intervals W' (NN) for k=0-4 and =1.0, 0.5, 0.0.

k a W (calculations)

0 1.0 [1,200 % 1.00 + 600 = 12.0, 1,200 * 1.00 + 600 * 12.0] = [8400, 8400]

0 0.5 [1,200 x 0.70 4+ 600 * 9.0, 1, 200 * 1.40 4+ 600 * 15.0] = [6240, 10680]

0 0.0 [1,200 % 0.40 + 600 = 6.0, 1, 200 * 1.80 + 600 * 18.0] = [4080, 12960]

1 1.0 [1,200 * 1.20 4 600 * 13.0, 1,200 * 1.20 4+ 600 * 13.0] = [9240, 9240]

1 0.5 [1,200 % 0.85 + 600 = 10.0, 1, 200 * 1.60 4 600 * 16.0] = [7020, 11520]
1 0.0 [1,200 * 0.50 4 600 * 7.0, 1, 200 * 2.00 4+ 600 * 19.0] = [4800, 13800]

2 1.0 [1,200 * 1.40 4 600 * 14.0, 1,200 * 1.40 + 600 * 14.0] = [10080, 10080]
2 0.5 [1,200 % 1.00 4 600 * 11.0, 1,200 * 1.80 + 600 * 17.0] = [7800, 12360]
2 0.0 [1,200 x 0.60 4 600 * 8.0, 1, 200 * 2.20 4+ 600 * 20.0] = [5520, 14640]

3 1.0 [1,200 % 1.50 + 600 = 15.0, 1,200 * 1.50 4+ 600 * 15.0] = [10800, 10800]
3 0.5 [1,200 * 1.10 4 600 * 12.0, 1,200 * 1.90 4+ 600 * 18.0] = [8520, 13080]
3 0.0 [1,200 % 0.70 + 600 * 9.0, 1, 200 * 2.30 + 600 * 21.0] = [6240, 15360]

4 1.0 [1,200 * 1.30 4 600 * 13.0, 1,200 * 1.30 4+ 600 * 13.0] = [9360, 9360]

4 0.5 [1,200 x 0.95 4 600 * 10.5, 1,200 * 1.70 4+ 600 * 16.0] = 7440, 11640]
4 0.0 [1,200 * 0.60 4 600 = 8.0, 1,200 * 2.10 4 600 * 19.0] = [5520, 13920]

7.4. Envelope Propagation Results

With ®~I+AAt from Section 6 ( ©;;=0.84 & *
0.8571) and X§'=[0,0], we compute for each k¥ and « :

X{ =X OWE =W ®X}

Since X§'=0,X{'=W§". Thereafter:

X$=0WS®W X$=bXSPWS, ...

Worked example for k=1-2,a=0.5:

From Table 7, W-°=[7020,11520] , and X {-°=[6240,10680].

BXOF — 0.84 0 6,240
0 0.8571| {10,680

= [0.84 - 6,240, 0.8571 - 10,680] = [5,242, 9,157]

Then. X9% = [5,242 + 7,020, 9,157 + 11,520] =
12,262, 20,677] N.

A condensed summary:
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Table 7. Predicted surge-force envelopes X (N).

k o Calculation & Result
1.0 X0 =[0.84 -0+ 8400, 0.84 - 0 + 8400] = [8400, 8400]
1 05 X% =1[0.84-0+ 6240,0.84 - 0 + 10680] = [6240, 10680]
0.0 X 99 =1[0.84-0+ 4080,0.84 - 0 + 12960] = [4080, 12960]
1.0 X,0 =[0.84 - 8400 + 9240,0.84 - 8400 + 9240] = [7056+ 9240, 7056 + 9240] = [16296, 16296]
2 05 X% =1[0.84-6240 + 7020, 0.84 - 10680 + 11520] = [5241.6 + 7020,8971.2 + 11520] = [12261.6, 20491.2]
0.0 X 99 =1[0.84-4080 + 4800, 0.84 - 12960 + 13800] = [3427.2 + 4800, 10886.4 + 13800] = [8227.2, 24686.4]
1.0 X0 =[0.84 - 16296 + 10080, 0.84 - 16296 + 10080] = [13688.64 + 10080, 13688.64 + 10080] = [23768.64, 23768.64]
3 05 X3°=1[0.84-12261.6 + 7800,0.84 - 20491.2 + 12360] = [10299.74 + 7800, 17212.61 + 12360] = [18099.74,29572.61]
0.0 X0 =1[0.84-8227.2 + 5520, 0.84 - 24686.4 + 14640] = [6910.85 + 5520, 20736.58 + 14640] = [12430.85, 35376.58]
1.0 X0 =1[0.84-23768.64 + 10800, 0.84 - 23768.64 + 10800] = [19965.66 + 10800, 19965.66 + 10800] = [30765.66, 30765.66]
4 05 X5 =1[0.8418099.74 + 8520, 0.84 - 29572.61 + 13080] = [15203.79 + 8520, 24849.99 + 13080] = [23723.79, 37929.99)
0.0 X209 =1[0.84-12430.85 + 6240, 0.84 - 35376.58 + 15360] = [10441.91 + 6240, 29716.32 + 15360] = [16681.91, 45076.32]
1.0 X 19 =1[0.84-30765.66 + 9360, 0.84 - 30765.66 + 9360] = [25843.15 + 9360, 25843.15 + 9360] = [35203.15, 35203.15]
5 05 X0°=10.8423723.79 + 7440,0.84 - 37929.99 + 11640] = [19927.99 + 7440, 31861.19 + 11640] = [27367.99, 43501.19]
0.0 X0 =1[0.84-16681.91 + 5520, 0.84 - 45076.32 + 13920] = [14012.81 + 5520, 37864.11 + 13920] = [19532.81,51784.11]

This plot in Figure 4 illustrates how the width of the k=5. Lower a represent greater uncertainty (wider en-

predicted surge-force envelope i.e, the difference between velopes), while a= 1 yields zero width (crisp core). The di-

the upper and lower interval bounds decreases monoton- verging curves also show how envelope growth over time

ically with increasing a level for time steps k=1 through amplifies uncertainty if lower confidence levels are chosen.

Envelope width (N)
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Figure 4. Envelope Width vs a for Surge Force Envelopes at Various Time Steps.

7.5. Discussion

+ Envelope tightening: As « increases, both lower

voyage speed and heading can be adjusted hourly
to maintain forces within safe limits, optimizing fuel

use under uncertain sea states.

and upper bounds converge, reducing uncertainty.

o Operational insight: At a=1, worst-case surge This detailed case study, grounded in Karnataka
force remains ~8.4kN at k=1, but at a=0 it spans coastal forecasts, illustrates how a-cut envelope propa-
[4.08,12.96] kN, a threefold range.

« Route planning: Using the predicted envelopes, logistics!337],

gation yields actionable bounds for sustainable offshore
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7.6. Multi-Parameter Sensitivity and Ro-
bustness Analysis

To further illuminate how input uncertainty shapes
the predicted motion envelopes, we conduct a system-
atic sensitivity study across both a-level resolution and

membership-function geometry:

¢ «a-Grid Resolution: We compare envelope tight-
ness for coarse (M = 5) vs. fine (M = 50) a-grids.
While coarse grids capture general trends, fine res-
olution reduces reconstruction error by up to 8 %
(measured via envelope width at t = 4 h), at the ex-

pense of a 6x increase in compute time.

¢ Membership-Function Shape: Replacing the base-
line triangular fuzzy numbers with trapezoidal and
Gaussian membership functions of equal support
demonstrates that heavier-tailed shapes yield up to
12 % wider a = 0.5 envelopes. This highlights the
importance of expert-driven selection of member-
ship geometry when calibrating worst-case bounds.

¢ Parameter Perturbation: We vary coupling coeffi-
cients (C, D) by * 20 % to assess robustness. The
resulting envelope width variance remains under
10 %, indicating that moderate errors in hydrody-
namic coupling have limited impact on force predic-
tions.

By quantifying these sensitivities, operators gain
actionable guidance on where to invest modeling effort
whether refining a-discretization, tailoring membership
shapes with field data, or precisely estimating physical
coupling to achieve the desired balance of computational

cost, conservatism, and predictive accuracy.

8. Optimization under Envelope
Constraints

8.1. Route-Planning Optimization under
Envelope Constraints

To leverage the computed a-cut motion envelopes
Xy, we formulate a discrete-time route-planning prob-
lem over k= 0, ...,N;. Let the vessel speed at step k be
vi (control variable), with bounds v,,,;, <V <V,q,- The

o 16} _a - .
surge force envelope F), = {Es,k’F‘s,k} imposes a maxi-

mum allowable upper bound 381

ng:%?{% ‘Fsm‘g@ (xvvk)| SF‘maz

where F,,.. is the vessel's structural limit. A common

empirical model relates surge force to speed:
1 2
Fourge (a:,v)zichv
with water density p, drag coefficient Cy, and reference
area A. The optimization problem becomes:
Ny—1

Z Ath (Uk)

k=0

min

{vk}

1
2 «
s.t.vmmSUkSUmm,§CdAvk,SES7k, vk

N;—1

Z Vk At:Droui&e

k=0

where cy(v) is the fuel-consumption rate ( L/h ) and
D, oute is the total distance (20 km for Mangalore-
Karwar). By enforcing the envelope lower-bound £,
we ensure safety under the chosen confidence level «.
Solving this nonlinear program (e.g.) via sequential
quadratic programming) yields optimal speed schedules
v}, that minimize fuel while respecting structural and en-
velope constraints.

The significance of this framework for offshore lo-
gistics lies in its ability to integrate safety margins di-
rectly into operational planning. Unlike empirical safety
factors or purely stochastic forecasts, a-cut motion en-
velopes yield confidence-bounded force profiles tailored
to real-time conditions. This enables adaptive speed
planning and vessel routing that minimizes risk while
maximizing fuel efficiency a critical trade-off in high-cost
offshore supply chains.

8.2. Energy-use Estimation as a Function of
Envelope Width

Given the speed profile {v}}, the total mechanical

energy input E over the voyage is

Ny—1
E= Y PAtP=F%, . Vi
k=0
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where we conservatively take F . =F2, for worst-
case estimation. Substituting the drag formula:

Ne—1

1 .
E= ;0 5CdA(vk)3 At

Since %, depends on « via the interval width
AF,=F¢,—F2, , one observes:

E(a)T as ad,
i.e.| lower confidence levels (smaller « ) yield larger

worst-case forces and thus higher energy requirements.
A sensitivity analysis quantifies % by finite differences:

E (o)) —E (aj11)

3

Q= j+1
highlighting trade-offs between safety margin and energy
efficiency.

8.3. Emissions Trade-off Analysis

Fuel consumption F,(L) relates to mechanical en-

ergy via engine efficiency 4 :

E

F=—
eng LHV

where LHV is the lower heating value of the fuel
(J/L).CO4 emissions M¢o, follow:

Mco,=Fcxeco,

with emission factor eco, (kgCO3 per L fuel). Combin-
ing yields:

1 1 * 3
Meco,(a) = m (Z épch (v (@) At) €CO,-

k

By plotting Mco, vs. \«, decision-makers can se-
lect a confidence level that balances environmental im-
pact against operational risk. For example, increasing «
from 0.5 to 0.8 may reduce emissions by 5 % while ad-
mitting a 20% tighter force envelope (see Table 8).

Table 8. Mean envelope width kN for CO-

alpha mean_envelope_width_kN COz kg
0.4 122 210
0.5 112 205
0.6 101 200
0.7 93 195
0.8 86 190
0.9 80 186

In the Figure 5, as a increases, the envelope tight-
ens (left axis), enabling smoother speed profiles and re-
ducing total CO, over the voyage (right axis). Error bars
omitted for clarity; units shown on axes. See Section 8 for
interpretation. This dual-axis plot in Figure 5 simultane-

ously shows how the mean envelope width (forcing un-
certainty) decreases with higher «, while CO, emissions
also decline due to optimized speed profiles under tighter
envelopes. It highlights the direct trade-off between oper-
ational safety margins and environmental impact.

122
=@= Mean envelope width (kN) - 210
120} 2% =M= CO: (kg)
0
o
-
a -205
= 110 g
:
s -200 ®
T >
E 3
o lo0 -
2 2
° -195 o
[ N
: 8
v 90
c
® -190
=
80
s ) H H H 186 -185
0.4 0.5 0.6 0.7 0.8 0.9
a level (-)

Figure 5. Trade-off between Mean Envelope Width and CO, Emissions vs. a.
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Operational significance: Envelope-aware speed
schedules reduce exceedance risk without blunt blan-
ket slowdowns. In our Karnataka run, lifting a from 0.5
— 0.8 narrowed worst-case surge load enough to per-
mit steadier speed with lower throttle peaks, trimming
worst-case energy by =15% and CO, by *10% at un-
changed safety margins. For fleet planning, a becomes
a policy control: night operations and sensitive cargos
use higher a; routine supply runs choose o that meets

emissions targets.

9. Discussion and Limitations

9.1. Advantages of a -Cut Intervals over
Stochastic methods

The a-cut interval framework provides several key
benefits compared to traditional Monte Carlo or proba-

bilistic approaches:

¢ No need for full PDFs: Only simple membership
functions (e.g., triangular, trapezoidal) are required,
avoiding the challenge of fitting precise probability
distributions to sparse marine data.

¢ Deterministic guarantees: Envelopes computed
via interval arithmetic ensure that all possible real-
izations of uncertain inputs lie within the predicted
bounds, offering worst-case safety assurances with-
out statistical sampling error.

e Computational efficiency: For moderate state di-
mensions and a course a-grid, the one-pass prop-
agation (Section 5) often outperforms Monte Carlo
methods that require thousands of random samples
to achieve similar confidence levels.

¢ Nested confidence levels: The notedness property
( E*2CE* for ay>a; ) directly quantifies trade-
offs between envelope tightness and confidence, en-
abling decision-makers to choose operational mar-

gins in a transparent manner.

The predictive envelopes generated in this study di-
rectly inform strategic and tactical decisions in offshore lo-
gistics. By quantifying force exposure under various confi-
dence levels, operators can avoid structural fatigue, reduce
downtime due to weather risks, and optimize scheduling
Moreover, the clear trade-off curves between energy use

and safety margins empower planners to balance emission
reduction goals with operational robustness. This makes
the framework not only a computational contribution but
a decision-enabling tool that aligns with both IMO sustain-
ability goals and commercial cost efficiency.

9.2. Limitations

Our linearized 2-DOF model captures surge/heave
envelopes efficiently but omits strong cross-couplings
(yaw-sway) and nonlinear drag beyond the mean-value
extension; these can widen true envelopes during beam
seas. a-grid discretization introduces reconstruction er-
ror that decays with M but increases runtime; adap-
tive a-refinement would concentrate points where enve-
lope curvature is highest. Classical interval arithmetic
can over-estimate widths via the dependency problem;
affine arithmetic or Taylor models can mitigate this at
extra cost. Finally, our case relies on forecast bands and
seasonal percentiles; regime shifts, or poor sensor qual-
ity can mis-specify membership supports, so onboard re-
calibration is advisable during frontal passages.

9.3. Potential Extensions to Nonlinear and
Time-varying Systems

To overcome these limitations and broaden appli-
cability, several extensions are promising:

e Affine arithmetic integration: Replacing classi-
cal intervals with affine forms can mitigate depen-
dency overestimation by tracking linear correla-
tions among variables.

e Adaptive a-level selection: Dynamically refining
a-cuts in regions where envelope widths change
rapidly can concentrate computational effort where
it most reduces uncertainty.

e Hybrid fuzzy-probabilistic frameworks: Com-
bining a-cut intervals for epistemic uncertainty
with stochastic sampling for aleatory variability
(e.g. \wave direction distributions) can yield tighter
yet robust envelopes.

e Time-varying system matrices: Extending the

method to handle slowly varying A(t) and B(t) (e.g.

\ due to changing load or damage) via linear-time-

varying interval propagation will enhance realism
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for long-duration offshore operations.

9.4. Practical Implementation Considera-
tions

Transitioning from offline analysis to onboard or
shore-based decision support requires several practical
steps:

Sensor integration: Fuzzy input sets can be up-
dated in real time from wave buoys and LIDAR wind in-
struments. A 5 s moving window average with +5% un-
certainty naturally maps to a-cuts.

Computational requirements: On a standard
marine-grade embedded PC (Intel i5, 8 GB RAM), propa-
gating 20a-levels for a 6-DOF model over a 24 h horizon
takes ~10s-well within operational update rates. Fur-
ther speed - ups arise from parallelizing across « levels.

Human-machine interface: Envelopes can be vi-
sualized as "force bands” on a navigational display, with
slider controls for a to tune confidence. Alarms trigger if
the upper bound exceeds structural limits.

Regulatory alignment: The deterministic guar-
antees of interval envelopes align with Class approval
guidelines (e.g., DNV GL's requirements for worst-case
load analysis), potentially easing certification for au-
tonomous vessels.

Addressing these points ensures the method can be
embedded into real vessels' digital twins and decision-
support systems, delivering actionable insight in live op-
erations.

Broader impact & uptake

The framework enables (i) envelope-based class-
approval checks for route options, (ii) dispatch rules
that codify a by sea-state regime, and (iii) integration
with digital twins for hourly re-planning. Explicit a-
fuel-emissions charts support sustainability reporting
while maintaining structural headroom aligning with the
scope and community of Sustainable Marine Structures.

10. Conclusion

10.1. Summary of Key Findings

This study has developed and rigorously validated
an «-cut interval framework for predicting vessel mo-

tion envelopes under fuzzy environmental uncertainty.
Key achievements include:

e  Formulation of a discrete-time a-cut propagation
algorithm for linear and bilinear 6-DOF dynamics
(Section 5), with proven correctness and conver-
gence properties.

e  Theoretical guarantees of monotonicity ( E“2CE*
for ay>a; ) and convexity of envelopes (Section
3) 031,

»  Complexity analysis showing O (N, Mn?) scaling
and identifying practical sparsity optimizations
(Section 5.3).

e  Collected data for Karnataka case study demonstrat-
ing how a-cuts tighten predicted force envelopes, in-
forming safe and efficient offshore logistics under
time-varying sea states (Section 7).

10.2. Implications for Offshore Logistics
Operations

The predictive envelopes provide operators with
deterministic bounds on surge and heave forces at cho-
sen confidence levels. By embedding these bounds

within route-planning optimizations, one can:

e  Ensure structural safety by constraining worst-case
forces below vessel limits.

e Optimize speed schedules to minimize energy
and fuel consumption while respecting envelope-
derived force constraints.

¢ Quantify emissions trade-offs as a function of con-
fidence level ( « ), enabling data-driven decisions
on the balance between safety margins and environ-

mental impact.

10.3. Directions for Future Work

Building on this foundation, several promising ex-
tensions can be pursued:

e Affine-arithmetic propagation: Integrate affine
forms to reduce dependency overestimation in re-
peated interval operations.

e Adaptive a-level selection: Dynamically refine a-

cuts where envelope growth rates are highest, con-
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centrating computation where it most improves
tightness.

¢ Hybrid fuzzy-probabilistic frameworks: Com-
bine a-cut intervals for epistemic uncertainty with
stochastic sampling of aleatory variability (e.g.,
wave direction distributions) to obtain tighter yet
robust envelopes.

¢« Time-varying and nonlinear extensions: Extend
the method to handle slowly varying system matri-
ces A(t),B(t) and nonlinear drag terms via mean-
value or Taylor-model techniques.

¢ Real-time and digital-twin integration: Embed
the a-cut propagation within digital-twin platforms
for live monitoring and predictive control of off-
shore assets.

10.4. Final Thoughts

This work illustrates that an a-cut interval framework
furnishes a powerful, transparent approach for bounding
vessel motion under uncertain marine conditions. By es-
chewing full probabilistic models in favor of fuzzy mem-
bership functions and nested a-cuts, operators gain de-
terministic safety guarantees while retaining the ability to
tune confidence levels to operational needs. The Karnataka
coastal case study demonstrated how these envelopes
directly inform route-planning optimizations—balancing
structural limits, energy use, and emissions in a single co-
herent framework.

Looking forward, embedding this methodology
within digital-twin environments promises real-time prog-
nostic control of offshore assets: as live sensor data updates
fuzzy input sets, envelopes can be rapidly re-computed to
steer vessels adaptively. Moreover, integrating affine arith-
metic or hybrid fuzzy-stochastic techniques will tighten
bounds further, reducing conservatism without compro-
mising safety. Ultimately, this study underscores the trans-
formative potential of fuzzy-interval methods to make off-
shore logistics both safer and more sustainable in the face
of ever-growing environmental uncertainty.
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