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ABSTRACT
Hydroelastic deformation is a key response in large, ϐlexible ϐloating marine structures, and uncertainty in

structural and hydrodynamic properties can strongly affect predicted amplitudes, especially near resonance. This
study presents a green function collocation method for the fuzzy hydroelastic analysis of a ϐloating beam under
bounded uncertainty that is not well described by probability. A frequency‑domain nonlocal beam model with
ϐinite‑depth hydrodynamic coupling is developed, and the structural green function is used to transform the gov‑
erning equation into a Fredholm integral equation of the second kind, which is then discretized using Chebyshev
collocation. Triangle fuzzy numbers of uncertain ϐlexural rigidity, structural mass, damping, depth ratio and forcing
amplitude aremodeled and propagated via alpha‑cut reconstruction. For the deterministic benchmark, themethod
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picks up a sharp resonance peak at Ω∗ = 3.1244 (Ω∗denotes the nondimensional frequency at resonance). The col‑
location solution converges monotonically, with a rate of practical error decrease on the order of seconds; the ϐinal
crisp value for midspan amplitude when at resonance is 10.668. Under fuzzy uncertainty, the midspan‑amplitude
interval expands from the crisp value at α = 1 to [0.6127, 11.7440] at α = 0. Flexural rigidity and structural mass
drive the spread; damping and forcing amplitude are secondary drivers, and depth ratio has only a weak effect over
this benchmark range. The results demonstrate method stability, efϐiciency and applicability in early uncertainty‑
aware design assessment.
Keywords: Hydroelasticity; Chebyshev Nodes; Wave‑Structure Interaction; Alpha‑Cut Propagation; Fredholm In‑
tegral Equation; Nonlocal Hydrodynamic Kernel; Marine Flexural Dynamics

1. Introduction

1.1. Background

Hydroelasticity is a key phenomenon in the re‑
sponse characteristics of large ϐlexible ϐloating marine
structures since the deformation of the structure and its
surroundingwave ϐield interact with each other through
a coupled interaction. This becomes vital for ϐloating
beams, pontoons, very large ϐloating structures, modu‑
lar offshore platforms, ϐloating photovoltaic systems and
ϐloating breakwaters, in which the structural length is of
the order of the incoming wavelength so that the rigid‑
body assumption alone can no longer sufϐice [1–4]. In
these cases, the vertical response cannot be described
solely by heave andpitch since distributed ϐlexural defor‑
mation also affects displacement, bending moment and
serviceability [1–4].

More recently, marine hydroelasticity ϐind reduced‑
order beam models [5], discrete‑module beam formula‑
tions as well as mode‑superposition methods [6–8] and
integrated hydrodynamic‑structural approaches. These
advances have made hydroelastic analysis computation‑
ally efϐicient and more broadly applicable to offshore
ϐloating photovoltaic farms, coupled/connected ϐloating
systems, and other ϐlexible offshore structureswith com‑
plicated bounds [6–9]. Recent review studies have also
shown that uncertainty in environmental loading, struc‑
tural properties, and connection behavior is becoming
increasingly important in the design and performance
assessment of ϐloating structures [10, 11].

In real marine applications, this two‑dimensional
ϐloating‑beam idealization is not intended to reproduce

every three‑dimensional hydrodynamic detail. Instead,
it serves as a physically interpretable benchmark for
long and slender ϐloating members such as pontoons,
modular ϐloating platforms, ϐlexible ϐloating breakwater
elements, and connected deck strips in which the dom‑
inant response is governed by longitudinal ϐlexure and
ϐinite‑depth wave coupling. For such systems, a beam‑
wise hydroelastic model is widely used as a ϐirst as‑
sessment layer before moving to higher‑ϐidelity three‑
dimensional solvers.

1.2. Literature Review and Motivation

Most of the existing hydroelastic literature is still
based on deterministic analysis. Several numerical
methods, including discrete‑module beam models and
ϐinite‑element coupling approaches, have been devel‑
oped to study ϐlexible ϐloating systems under wave load‑
ing and unsteady excitation [5–8]. Large ϐloating appli‑
cations, such as modular offshore photovoltaic systems,
have also been analyzed using three‑dimensional hy‑
droelastic models and frequency‑domain solvers [4, 8]. At
the same time, recent studies have veriϐied the role of
support and connector conditions in hydroelastic be‑
havior and have expressed that even small changes in
boundary constraints can signiϐicantly alter the overall
response envelope [9].

Beam‑type and plate‑type formulations continue
to attract interest because they offer a mathematically
transparent bridge between wave hydrodynamics and
structural mechanics. Recent work has studied forced
ϐloating elastic beams in the presence of porous bar‑
riers [12], current‑loaded ϐloating ϐlexible membranes
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solved through Green‑function‑type formulations [13],
ϐloating ϐlexible offshore platforms under wave‑current
effects [14], and control‑oriented ϐloating beam models
under irregular waves [15].

These studies conϐirm that beam‑based hydroelas‑
tic models remain highly relevant for marine applica‑
tions.

However, uncertainty treatment in this area is still
much less developed than deterministic hydroelastic
modeling. Recent reviews of sensitivity and uncertainty
in ϐloating offshore structures have highlighted the im‑
portance of parametric variability in stiffness, mass,
damping, mooring properties, and wave loading, but
also point out that robust and computationally efϐicient
uncertainty‑propagation tools are still needed for hy‑
droelastic systems [10, 11]. This is particularly true when
available data are sparse and a fully probabilistic de‑
scription is not well justiϐied.

1.3. Why a Fuzzy Green‑Function Colloca‑
tion Approach

When hydrodynamic and structural parameters
are not knownprecisely but canbeboundedby engineer‑
ing judgment or limited data, fuzzy mathematics pro‑
vides anatural framework for representing epistemicun‑
certainty [16]. In such settings, triangular fuzzy numbers
and α‑cuts are especially attractive because they pre‑
serve interpretability while allowing direct propagation
through structural models [17, 18]. Adaptive collocation
concepts have already been used successfully in struc‑
tural fuzzy uncertainty analysis, but not, to the best of
current evidence, in a dedicated Green‑function hydroe‑
lastic ϐloating‑beam formulation.

Green functions are equally attractive because they
reduce the differential problem to an integral problem
in which the beam boundary conditions are embedded
directly in the kernel [18]. For ϐloating‑beam hydroe‑
lasticity, this offers two advantages. First, the nonlo‑
cal ϐluid‑structure interaction can be represented com‑
pactly through an integral kernel. Second, collocation
can then be applied directly to the integral form, avoid‑
ing repeated differentiation of numerical approxima‑
tions. This is mathematically convenient and computa‑
tionally efϐicient.

1.4. Aim and Contributions of the Present
Study

The contribution to the body of knowledge is there‑
fore twofold: ϐirst, the study combines Green‑function re‑
duction and Chebyshev collocation in a single frequency‑
domain hydroelastic beam solver with embedded struc‑
tural boundary conditions; second, it extends that solver to
bounded epistemic uncertainty through alpha‑cut recon‑
struction andnested fuzzy envelopes. This provides a com‑
pact uncertainty‑aware solution to the heavier repeated‑
simulation frameworks available and identiϐies which of
the uncertain parameters most strongly broaden hydroe‑
lastic response near resonance.

In this study, a Green function collocation method
is developed for the analysis of fuzzy hydroplastic re‑
sponse of a ϐloating beam. The key contributions of the
present work are formulating a frequency‑domain hy‑
droelastic beammodelwith nonlocal hydrodynamic cou‑
pling, deriving such a Green‑function integral represen‑
tation of response, and investigating a Chebyshev collo‑
cation scheme for resulted integral equation. This also
involves the uncertainty of structural and hydrodynamic
parameters modeled as triangular fuzzy numbers with
α‑cut representation, reconstructing fuzzy response en‑
velopes for displacement, bending moment and shear‑
related quantities in addition tomesh convergence, reso‑
nance behavior, fuzzy widening and parameter sensitiv‑
ity exempliϐication via a representative benchmark.

2. Materials and Methods

Thus, the currently considered simply supported
beam should be interpreted as a streamlined benchmark
model instead of representing an actual buckling sus‑
ceptible ϐloating structure. It serves as a means to iso‑
late hydroelastic ϐlexural response under bounded para‑
metric uncertainty in a form that is both mathematically
straightforward and computationally light.

2.1. Physical ConϐigurationandBenchmark
Assumptions

Let us consider a ϐloating beam of lengthL lying on
the free surface of water of depth h. Let x ∈ [0, L] be the
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coordinate along the beam and let w(x, t) be its vertical
displacement. For a general hydroelastic problem, the
beamcould adopt free‑edge (or non‑hydrostatic end con‑
dition), elastic‑support or connector‑controlled bound‑
ary conditions [12–15, 19]. The present benchmark selects
a simply supported beam in order to emphasize ϐlexural
hydroelastic effects and to avoid rigid‑body singularities.
This creates a distinct test case that is amenable tomath‑
ematical diagnosis for the Green function collocation ap‑
proach while maintaining key aspects of beam‑ϐluid cou‑
pling.

The benchmark assumptions are:

• Linear Euler‑Bernoulli beam behavior;
• Small‑amplitude vertical deformation;
• Incompressible, inviscid, and irrotational ϐluid;
• Harmonic regular‑wave excitation;
• Frequency‑domain analysis;
• Bounded epistemic uncertainty in selected parame‑

ters represented by fuzzy numbers.

A ϐloating beam of length L lies on the still‑water
surface over a ϐluid domain of depth h. The vertical de‑
formation is denoted by w(x, t). The benchmark uses
simply supported beam kinematics to isolate ϐlexural hy‑
droelastic effects (Figure 1).

Figure 1. Geometry of the representative ϐloating‑beam benchmark.

2.2. Frequency‑Domain Hydroelastic Model

Assume harmonic motion of the form:

w(x, t) = R
{
W (x)e−iωt

}
, (1)

whereW (x) is the complex response amplitude and ω is
the circular frequency. The coupled hydroelastic beam
equation is written in dimensional form as:

EI
d4W

dx4
− ω2msW − iωcsW+

L

0

H (x, ξ;ω)W (ξ)dξ = pi(x;ω), 0 < x < L

(2)

where:

• EI is the ϐlexural rigidity;
• ms is the structural mass per unit length;
• cs is the structural damping coefϐicient;

• H (x, ξ;ω) is the nonlocal hydrodynamic interaction
kernel;

• pi(x;ω) is the incident‑wave forcing term.

In Equation (2), the prime or dash notation denotes
differentiationwith respect to the beamcoordinate x. No
axial compressive load is included in the present govern‑
ing equation, so the model addresses hydroelastic vibra‑
tion rather than buckling. Accordingly, buckling criteria
are outside the scope of this benchmark and would re‑
quire an additional axial‑load term together with a cou‑
pled stability analysis.

For the simply supported benchmark, the bound‑
ary conditions are:

W (0) = W (L) = 0, W
′′
(0) = W

′′
(L) = 0 (3)

Equation (2) is a nonlocal hydroelastic boundary‑
value problem inwhich the hydrodynamic term acts as a
distributed ϐluid‑memory coupling across the beam.
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2.3. Nondimensionalization

Introduce the nondimensional variables:

x̄ =
x

L
, W = LW̄ , Ω = ωL2

√
mr

EIr
, (4)

where EIr and mr are reference rigidity and reference
mass scales. Then deϐine:

ĒI =
EI

EIr
, m̄ =

ms

mr
, c̄ =

csL
2

√
EIrmr

, δ =
h

L
(5)

After dropping bars on x for readability, the nondi‑
mensional frequency‑domain equation becomes:

ĒI
d4W

dx4
− Ω2m̄W − iΩc̄W+

1

0

K(x, ξ; Ω, δ)W (ξ)dξ = F (x; Ω), 0 < x < (16)

(6)

with simply supported conditions:

W (0) = W (1) = 0, W
′′
(0) = W

′′
(1) = 0. (7)

2.4. Green‑Function Reduction

Deϐine the structural operator:

LΩW = ĒIW (4) − Ω2m̄W − iΩc̄W (8)

LetG(x, ξ; Ω) be the Green function satisfying:

LΩG(x, ξ; Ω) = δ(x− ξ) (9)

subject to the same simply supported boundary condi‑
tions in x. For the present benchmark, the Green func‑
tion admits the modal series representation [19].

The reduction in Subsection 2.4 proceeds by solv‑
ing the auxiliary structural problem for the Green func‑
tion, multiplying the governing beam equation by that
kernel, and integrating over the beam span so that the
simply supported boundary conditions are embedded
directly in the kernel representation. This is the main
reason the collocation stage can be applied to the inte‑
gral equation without repeatedly differentiating numer‑
ical shape functions.

G(x, ξ; Ω) =
∞∑
n = 1

2sin (nπx)sin (nπξ)

ĒI(nπ)4 − Ω2m̄ − iΩc̄
(10)

Using this Green function, Equation (6) is trans‑
formed into the Fredholm integral equation of the sec‑
ond kind:

W (x) =
1

0

G(x, ξ; Ω)[
F (ξ; Ω)−

1

0

K(ξ, s; Ω, δ)W (s)ds

]
dξ

(11)

Equation (11) is the central mathematical form
used in this paper.

2.5. Reduced Finite‑Depth Hydrodynamic
Kernel for the Benchmark

For the present benchmark study, the hydrody‑
namic kernel is represented by a reduced ϐinite‑depth
oscillatory‑decay approximation,

K(x, ξ; Ω, δ) = χh(Ω, δ)e−η(Ω,δ)|x − ξ|cos( (Ω, δ)(x− ξ)), (12)

where (Ω, δ) is determined from the ϐinite‑depth disper‑
sion relation:

Ω2 = tanh ( δ). (13)

The kernel amplitude and decay rate are set as:
But its key success lies in preserving nonlocal ϐinite‑

order interaction in a compact integral form, which is
appealing for iterative fuzzy evaluations. A limitation of
the model is that it is a simpler benchmark kernel and
should not be used as a replacement for higher‑ϐidelity
hydrodynamic models in project‑level design.

χh(Ω, δ) =
χ0Ω

2

1+δ
, η(Ω, δ) = 0.4 + 0.25 (14)

The regular‑wave loading is chosen as the ϐirst
ϐlexural‑mode‑compatible forcing:

F (x; Ω) = a sin (πx), (15)

where a is the nondimensional forcing amplitude.
The hydroelastic coupling can be studied clearly

while maintaining consistency with a ϐinite‑depth oscil‑
latory interaction pattern, as evidenced by this compact
and symmetric benchmark kernel.

The fuzzy inputs are represented by triangular
membership functions centered at their deterministic
values. The dashed horizontal line marks the α = 0.5

cut used in interval reconstruction (Figure 2).
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Figure 2. Representative triangular membership functions for the fuzzy input parameters.

2.6. Fuzzy Representation of Uncertain Pa‑
rameters

The uncertain input vector is deϐined as

p̃ = (ẼI, m̃, c̃, δ̃, ã). (16)

Each uncertain quantity is modeled as a triangular
fuzzy number:

p̃ = (p1, p2, p3) , p1 ≤ p2 ≤ p3, (17)

with α‑cut:

[p̃]α = [p1 + α (p2 − p1) , p3 − α (p3 − p2)] ,

0 ≤ α ≤ 1.
(18)

Thus, the α‑level parameter box is:

Pα = [ẼI]α × [m̃]α × [c̃]α × [δ̃]α × [ã]α. (19)

For a response quantity R, the fuzzy interval at
level α is reconstructed numerically as:

[R]α =

[
min

p ∈ Sα
R(p), max

p ∈ Sα
R(p)

]
, (20)

where S α contains the vertices of Pα together with in‑
terior samples. This mixed strategy is motivated by the
non‑monotone behavior of hydroelastic systems near
resonance, where pure endpoint evaluationmaymiss ex‑
tremal responses [10, 11, 17–19].

To guarantee fuzzy nesting in the numerical recon‑
struction, the envelopes are postprocessed by themono‑
tone projection:

R̂−,αq (x) min
(
R−,αq (x), R̂−,αq − 1(x)

)
,

R̂+,αq (x) max
(
R+,αq (x), R̂+,αq − 1(x)(021)

(21)

when moving from narrower to wider α‑levels, so that
the outer envelopes always contain the inner ones.

2.7. Chebyshev Collocation Discretization

The collocation nodes are chosen as Chebyshev‑
Gauss‑Lobatto points,

xj =
1

2

(
1− cos

jπ

N

)
, j = 0, 1, . . . , N (22)

The approximate response is expressed as:

WN (x) =
N

∑
j = 0

Wj j(x) (23)

where j(x) are the Lagrange basis polynomials associ‑
ated with the Chebyshev nodes. Substituting Equation
(23) intoEquation (11) and enforcing the equation at the
collocation nodes yields:

Wi =
∑N

j=0
wjG(xi, xj ; Ω)

[
F (xj ; Ω)

−
∑N

k=0
wkK(xj , xk; Ω, δ)Wk

]
, i = 0, . . . , N

(24)
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where wj are the quadrature weights.
In matrix form,

(I +GwKw)W = GwF, (25)

with:
(Gw)ij = G (xi, xj ; Ω)wj ,

(Kw)jk = K (xj , xk; Ω, δ)wk

(26)

Equation (25) is solved for each frequency and each
parameter realization in the fuzzy reconstruction.

2.8. Solvability and Practical Convergence

The integral operator associated with Equation
(11) is compact when G and K are continuous. Hence,
the discrete problem inherits the standard Fredholm
structure.

Proposition1. If G,K ∈ C2
(
[0, 1]2

)
and the continuous

operator (I +GK) is invertible on C[0, 1], then the collo‑
cation matrix (I +GwKw) is nonsingular for sufϔiciently
largeN .
Proposition 2. Under the same regularity assumptions,
the numerical solution satisϔies the practical estimate,

∥W −WN∥∞ ≤ CN−2 (27)

for the present implementation, where the observed

second‑order behavior is governed by the combined effect
of quadrature and envelope reconstruction.

This practical rate is the one veriϐied numerically in
Section 3.

2.9. Benchmark Parameters

The representative benchmark uses the nondimen‑
sional baseline parameters in Table 1.

Table 1 gives the dimensionless benchmark used
to generate all numerical results in Section 3 and alsoTa‑
ble 2 provides triangular fuzzy parameters.

The central values reproduce the deterministic
benchmark, while the side values represent bounded
epistemic uncertainty.

The workϐlow begins with the coupled beam‑
ϐluidmodel, proceeds throughGreen‑function reduction,
fuzzy α‑cut decomposition, and Chebyshev collocation,
and ends with deterministic and fuzzy response recon‑
struction (Figure 3).

In Figure 4, the left panel shows the real part
of the structural Green function G (x, ξ; Ω∗), while the
right panel shows the reduced hydrodynamic kernel
K (x, ξ; Ω∗). The beam Green kernel is smooth and sym‑
metric; the hydrodynamic kernel is nonlocal, oscillatory,
and strongest near the diagonal.

Table 1. Baseline nondimensional parameters of the representative hydroelastic benchmark.
Symbol Value Description

ĒI 0.10 Normalized ϐlexural rigidity
m̄ 1.00 Normalized structural mass
c̄ 0.030 Normalized damping

δ = h/L 0.40 Depth‑to‑length ratio
a 1.00 Forcing amplitude
χ0 0.15 Kernel amplitude coefϐicient
Ω 2.4–3.6 Frequency sweep range

Nref 120 Reference collocation size

Table 2. Triangular fuzzy parameters used in the study.
Parameter Triangular Fuzzy Number

ẼI (0.09, 0.10, 0.11)
m̃ (0.95, 1.00, 1.05)
c̃ (0.027, 0.030, 0.033)
δ̃ (0.36, 0.40, 0.44)
ã (0.90, 1.00, 1.10)
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Figure 3. Green‑function collocation workϐlow for fuzzy hydroelastic analysis.

Figure 4. Kernel structure at the resonance‑focused benchmark frequencyΩ∗.

3. Results

3.1. Deterministic Collocation Conver‑
gence
The deterministic benchmark was ϐirst solved at

the resonance‑focused frequency:

Ω∗ = 3.1244, (28)

which corresponds to the dominant peak of themidspan
amplitude in the crisp frequency sweep. A numerical
reference was obtained using a high‑resolution solution,
withN = 120 collocation points. The practicalmaximum‑
norm error was calculated as:

e∞ = ∥|WN | − |Wref|∥L∞(0,1). (29)

With respect to computational accuracy, we see
that the numbers suggest that both the midspan ampli‑
tude is already well‑resolved by moderate collocation

sizes, as well as the practical error monotonically de‑
creaseswith increasingN. This validates the selected key
discretization that will be used in the fuzzy propagation
experiment presented next.

We analyzed the observed order of convergence by:

p =
log (eN/e2N )

log 2
. (30)

The collocation solution shows monotonic conver‑
gence to the reference, with a practical rate of conver‑
gence on the order of 2.

Table 3 below shows that the collocation solution
stabilizes rapidly. The midspan amplitude changes only
from 10.6582 at N = 10 to 10.6684 at N = 80, while
the error drops from 3.1244× 10−1 to 4.51× 10−3. The
observed orders p = 1.95, 2.15, and 2.01 conϐirm the
practicalO

(
N−2

)
behavior stated in Equation (27).
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Table 3. Collocation convergence of the deterministic benchmark atΩ∗.
N Midspan AmplitudeW(0.5) L∞ Error Observed Order p

10 10.6582 0.31244 ‑
20 10.6673 0.08076 1.95
40 10.6682 0.01815 2.15
80 10.6684 0.00451 2.01

Increased ϐlexural rigidity moves the resonance
peak to a larger nondimensional frequency and de‑
creases max amplitude with respect to the benchmark,
while increasing the depth ratio changes the hydrody‑
namic kernel more subtly for this speciϐic range, hence
leading to a comparatively weaker response displace‑
ment. So these trends accord with the later sensitivity

ranking and make it easier to understand why rigidity
prevails while depth ratio is weak in the current bench‑
mark.

In Figure 5, the blue curve shows the decay of the
L∞ error with increasing collocation points, while the
red curve shows convergence of the midspan amplitude
at the resonance‑focused frequency.

Figure 5. Convergence of the deterministic Green‑function collocation solution.

3.2. Deterministic Frequency Response

The crisp midspan frequency‑response curve is
plotted in Figure 6. The response exhibits a sharp hy‑

droelastic resonance centered near Ω∗ = 3.1244. The
peak crisp amplitude is:

|W (0.5;Ω∗)| = 10.668. (31)

Figure 6. Midspan frequency response with fuzzy envelopes.
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Thenarrowness of the deterministic peak indicates
that modest changes in stiffness or mass can lead to
strong detuning effects. This is one reason why uncer‑
tainty quantiϐication is especially important in hydroe‑
lastic beam systems near resonance [10, 11]. The result
is also consistent with recent ϐloating‑beam and hydroe‑
lastic studies in which response levels are strongly al‑
tered by wave frequency, stiffness, and support conϐig‑
uration [12–15].

The crisp frequency‑response curve is shown to‑
gether with the α = 0.5 and α = 0 fuzzy envelopes. The
dashed vertical line marks the crisp resonancefocused
frequency Ω∗.

Figure 6 shows that uncertainty does not merely
thicken the deterministic curve uniformly. Instead,
it broadens the resonance region and generates a
markedly asymmetric envelope. Consequently, the fuzzy
response band is widest in the neighborhood of the de‑
terministic resonance.

3.3. Fuzzy Hydroelastic Envelope at the
Resonance‑Focused Frequency

At Ω∗, the response amplitude along the beam was
reconstructed for α = 1, 0.5, and 0 and the midspan in‑
tervals are listed in Table 4 below.

Table 4. Fuzzy midspan‑amplitude intervals atΩ∗.
α Lower Bound Upper Bound Width

1.0 10.6678 10.6678 0.0000
0.5 1.2841 11.7440 10.4599
0.0 0.6127 11.7440 11.1313

The deterministic solution is obtained at α = 1, as
α decreases, the response interval becomes much wider,
which shows strong ampliϐication of uncertainty near hy‑
droelastic resonance. The large reduction in the lower
bound at α = 0 and α = 0.5 is caused by detuning,
where some combinations of uncertain parameters shift
the system away from resonance and sharply reduce the
amplitude. In contrast, the upper bound remains close
to, or slightly above, the deterministic resonant value,
which means that some parameter combinations keep
the system near resonance and may even increase the
peak response. This behavior is physically reasonable

for frequency‑sensitive beam‑ϐluid systems.
The deterministic mode‑like spatial response is com‑

pared with the fuzzy envelopes at α = 0.5 and α =

0. The outer envelope keeps the expected symmetric
beam shape, while the uncertainty becomes much larger
near the antinode. The uncertainty is concentrated at the
midspan, where the deterministic hydroelastic amplitude
is maximal, as shown in Figure 7. The fuzzy spread is
small near the supports since those areas are constrained
to not displace due to the simply supported boundary con‑
ditions. Thus, envelope width varies spatially according to
the shape of the underlying ϐlexural mode.

Figure 7. Fuzzy spatial envelopes of the beam amplitude atΩ∗.
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3.4. One‑at‑a‑Time Sensitivity of the Fuzzy
Width

To identify which uncertain inputs govern the
resonance‑region width, a one‑at‑a‑time analysis was
performed at Ω∗. For each uncertain parameter, only
that parameter was varied over its full fuzzy support
while all others were held at their deterministic values.
The resultingwidth contributions are summarized inTa‑
ble 5.

Flexural rigidity and structural mass dominate the
uncertainty band because they control the resonance lo‑
cation. Damping and forcing amplitude contribute sec‑
ondarily, while the water‑depth ratio is weak within the

chosen benchmark interval.
The ranking in Table 5 is fully consistent with the

resonance mechanism. Since the dominant response
occurs near a narrow peak, the most inϐluential pa‑
rameters are those that shift the structural‑ϐluid tuning,
namely ẼI and m̃. Damping and forcing amplitude af‑
fect peak magnitude but do not shift the resonance as
strongly. The depth ratio δ̃ is least inϐluential in the
present benchmark because the chosen uncertainty in‑
terval is modest and the reduced kernel is only weakly
sensitive to depth around δ = 0.4.

The above bar chart in Figure 8 visualizes the rel‑
ative importance of each uncertain parameter in widen‑
ing the fuzzy midspan response interval.

Table 5. One‑at‑a‑time contribution to the fuzzy midspan‑width atΩ∗.
Parameter Width Contribution Contribution (%) Rank

ẼI 9.575 42.5 1
m̃ 8.647 38.4 2
c̃ 2.155 9.6 3
ã 2.134 9.5 4
δ̃ 0.006 0.0 5

Figure 8. One‑at‑a‑time sensitivity of the fuzzy width atΩ∗.

4. Discussion

4.1. Mathematical Interpretation of the
Resonance‑Dominated Hydroelastic
Response

The results of this study in Section 3 can be inter‑
pretedbyprojecting thenon‑local integral equation onto
the ϐirst simply supported ϐlexuralmode. For the present

benchmark, the deterministic response is well approxi‑
mated, which is given by:

W (x; Ω) ≈ A1(Ω)sin (πx) (32)

where the generalized amplitude A1(Ω) is obtained by
substituting Equation (31) into Equation (11) and taking
the modal projection. This gives:

A1(Ω) =
F1(Ω)

D1(Ω)
(33)
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with:
F1(Ω) = 2

1

0

F (x; Ω)sin (πx)dx (34)

and:

D1(Ω) = ĒIπ4 − Ω2m̄− iΩc̄+ Λ1(Ω, δ), (35)

where the effective hydrodynamicmodal contribution is:

Λ1(Ω, δ)

= 4
1

0

1

0

K(x, ξ; Ω, δ)sin (πx)sin (πξ)dξdx.
(36)

Hence, the magnitude of the dominant modal am‑
plitude is:

|A1(Ω)| =
|F1(Ω)|√(

ĒIπ4 − Ω2m̄+RΛ1

)2
+ (Ωc̄− IΛ1)

2
.

(37)

Equation (36) explains the deterministic peak re‑
ported in Section 3.2. The resonance‑focused frequency
Ω∗ = 3.1244 corresponds to theminimum of the denom‑
inator in Equation (36), so even moderate forcing pro‑
duces a largemidspan expected displacement. The same
expression also explains why the response is sharply
frequency‑sensitive: small perturbations in ĒI or m̄

shift the effective tuning condition ĒIπ4−Ω2m̄+RΛ1 ≈
0, which causes large changes in |A1| when the denomi‑
nator is small. This interpretation is consistent with re‑
cent hydroelastic studies in which stiffness, support con‑
ditions, and ϐluid coupling strongly alter resonance and
deformation patterns in ϐlexible ϐloating systems [20–24].

A local ϐirst‑order sensitivity expansion gives:

δ |A1| ≈ 5
∑

j = 1

∂ |A1|
∂pj

δpj , p = (ĒI, m̄, c̄, δ, a), (38)

with:
∂ |A1|
∂pj

=
1

|D1|
∂ |F1|
∂pj

− |F1|
|D1|3

R

(
D1

∂D1

∂pj

)
. (39)

Equation (38) clariϐies why ẼI and m̃ dominate the
fuzzy width in Table 5. These parameters enter directly
into D1, and near resonance the factor |D1|−3 ampliϐies
their effect. By contrast, ã appears only in the numerator
F1, producingmostly a scaling effect, while c̃ broadens the
resonance but does not shift it as strongly. The depth ratio

δ̃ inϐluences the kernel throughΛ1(Ω, δ), but over the nar‑
row benchmark interval used here its effect remains weak.
This ranking is fully consistentwith the uncertainty trends
emphasized in recent reviews of hydroelastic sensitivity
analysis for ϐloating offshore structures [10, 11].

The fuzzy widening can also be approximated ana‑
lytically. If∆pαj denotes the half‑width of theα‑cut inter‑
val for the j‑th parameter, then the responsewidth at the
resonancefocused frequency satisϐies the local estimate

Relative to commonly used hydroelastic methods,
the proposed framework offers a clear trade‑off. Com‑
pared with direct PDE discretization, it embeds the
beam boundary conditions analytically through the
Green function. Compared with ϐinite‑element or three‑
dimensional hydroelastic solvers, it is lighter and more
interpretable for parameter sweeps, but it is also less
detailed in its hydrodynamic representation. Compared
with purely deterministic resonance studies, it adds
bounded uncertainty propagation and nested response
envelopes without requiring a full probabilistic model.

Wα
A1

(Ω∗) ≈ 2
5

∑
j = 1

∣∣∣∣∂ |A1|
∂pj

∣∣∣∣∆pαj (40)

Because the triangular fuzzy supports contract lin‑
early with α, Equation (39) explains the nested en‑
velopes and the reduction in interval width from α = 0

to α = 0.5. It also explains why the spatial uncertainty
is largest near the beam antinode. Using Equation (31),

|W (x; Ω∗)| ≈ |A1 (Ω
∗)| sin (πx), (41)

so the envelope width is approximately proportional to
|sin (πx)|. Echoing this, the width is maximal around x =
0.5 and minimal at the supports—which is precisely the
pattern observed in Figure 7.
Main Findings

• The Green‑function transformation reduced the
nonlocal problem of a ϐloating beam to an equiva‑
lent Fredholm integral equation efϐiciently solved
via Chebyshev collocation.

• The deterministic benchmark showed a strong reso‑
nance atΩ∗ =3.1244,with converged crispmidspan
amplitude around 10.668.

• Under bounded fuzzy uncertainty, the resonance‑
region response signiϐicantly broadened, speciϐi‑
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cally increasing the α = 0 midspan interval [0.6127,
11.7440].

• The main uncertainty drivers were ϐlexural rigidity
and structural mass, with a weak inϐluence from
depth ratio over the chosen benchmark interval.

Limitations
This study employs a reduced two‑dimensional

beambenchmarkwith a compact ϐinite‑depthkernel and
does not substitute higher‑ϐidelity three‑dimensional hy‑
drodynamic models.

Buckling, axial‑load effects, and strongly nonlin‑
ear or irregular‑sea behavior are not addressed in the
present formulation.
Supporting Benchmark Data

The practical collocation error decreased roughly
at second‑order, and the fuzzy widening was focused to‑
wards the beam antinode and resonant region.

4.2. Position of the Proposed Method
within Current Hydroelastic Literature

Ongoing hydroelastic investigations mainly focus
on deterministic beam‑, plate‑ and module‑type formula‑
tions of large ϐlexible marine structures [2, 3, 5–9]. Discrete‑
module‑beam methods [7], integrated hydrodynamic‑
structural workϐlows and beam‑mode reductions remain
attractive as they retain the structural interpretation while
cutting the computational cost. Green‑function formula‑
tions are also extensively used in hydroelasticity, particu‑
larly for vibrating beams and plates, as they incorporate
the structural boundary conditions directly into the kernel,
allowing the governing problem to reduce to a tractable
integral equation [16]. More recent work has extended
related beam‑based hydroelastic ideas to current‑loaded
ϐlexible platforms and moored interconnected ϐloating sys‑

tems [23, 24].
Against that background, the present study differs

in two ways. First, it combines Green‑function reduc‑
tion with Chebyshev collocation in a single beam‑only
integral framework, so the solver does not repeatedly
differentiate numerical shape functions or re‑solve a
full beam‑ϐluid PDE system at each uncertain sample.
Second, it introduces fuzzy α‑cut propagation directly
into the hydroelastic solution process, which is much
less common than deterministic hydroelastic analysis or
controller‑focused studies. Recent reviews have explic‑
itly noted that uncertainty and sensitivity methods are
increasingly important for ϐloating offshore systems and
that robust but computationally efϐicient approaches are
still needed [10, 20, 21]. In that sense, the present method
ϐills a methodological gap between purely deterministic
hydroelastic solvers and heavier probabilistic or high‑
ϐidelity repeated‑simulation approaches.

There is also a clear relation between the present
work and the broader movement toward data‑assisted
or surrogate hydroelastic prediction. Recent studies
have begunusingmachine‑learningmodels to accelerate
hydroelastic‑response prediction for very large ϐloating
structures [25]. The proposed collocation framework can
support that direction because it generates structured
frequency‑domain data at low cost. In particular, the col‑
location matrices can be solved repeatedly over many α‑
cuts and frequency points, making themethod attractive
as a training‑data generator for later surrogate or digital‑
twin developments.

Table 6 below translates the sensitivity ϐindings
into mathematical and engineering terms which are
aligned with this study. Parameters that modify the de‑
nominator of the dominant modal amplitude have the
strongest impact near hydroelastic resonance.
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Table 6. Dominant uncertain parameters and their engineering role.
Parameter Principal Location

in the Model
Dominant Mathematical Ef‑
fect

Inϐluence in This
Benchmark

Engineering Implication

ẼI D1(Ω) in Equation
(34)

shifts resonance location and
curvature stiffness

very high prioritize stiffness identiϐication and struc‑
tural updating

m̃ D1(Ω) in Equation
(34)

shifts inertial tuning and wet
dynamic balance

very high improve effective mass estimation and added‑
mass consistency

c̃ imaginary part of
D1(Ω)

broadens and damps reso‑
nance peak

moderate calibrate damping for peak control and numer‑
ical robustness

ã F1(Ω) in Equation
(33)

scales amplitude without
strong detuning

moderate reϐine loading envelope for serviceability as‑
sessment

δ̃ Λ1(Ω, δ) in Equation
(35)

modiϐies kernel mildly over
chosen interval

low secondary in the present benchmark, but may
grow in shallow/deeper transition cases
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5. Conclusions
A Green‑function collocation framework was de‑

veloped for the hydroelastic analysis of a ϐloating beam
with bounded uncertainty in structural and hydrody‑
namic parameters. By using the beam Green func‑
tion, the nonlocal hydroelastic boundary‑value prob‑
lem was transformed into a Fredholm integral equa‑
tion of the second kind, with the structural boundary
conditions built directly into the kernel. Chebyshev
collocation provided an efϐicient numerical scheme,
and the benchmark results showed stable monotone
convergencewith an approximate second‑order practi‑
cal error trend. The deterministic benchmark showed
a sharp resonance peak at Ω∗ = 3.1244, with a con‑
verged crisp midspan amplitude of about 10.668. The
fuzzy analysis showed a clear widening of the re‑
sponse interval near resonance. At Ω∗, the midspan‑
amplitude interval increased from a crisp value at α =

1 to [0.6127, 11.7440] at α = 0, which indicates strong
sensitivity of the hydroelastic response to bounded pa‑
rameter uncertainty. The main contributors to this
fuzzywidthwere the uncertain ϐlexural rigidity ẼI and
structural mass m̃, because these parameters strongly
inϐluence the tuning of the resonant response. The
array force and response amplitude had a lower im‑
pact, yet the water depth ratio showed but slightly
more throughout the deϐined range, with the period of
power extracted in it! Just as such, signs are invaluable
as a part of feasibility check comparison; so too might
we need to thank. Let’s use a method which cannot be
absorbed just by looking at input/output data‑one that
uses hand calculationwhere necessary because numer‑
ical Kinematics lacks any meaning or not all communi‑
cation for your example.
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