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1. Introduction
Geophysical data can be used to generate under-

ground models through inversion methods, but the 
challenge lies in the existence of multiple solutions. To 
address this issue, prior information constraints and 

hybrid geophysical data for joint inversion have been 
proposed as effective strategies to reduce non-unique-
ness [1–8].

Based on whether the recovered geophysical mod-
els are identical, geophysical joint inversion methods 
can be classified into two categories. The first category 
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involves jointly inverting multiple data sources for the 
identical petrophysical model, such as density models 
for gravity and gravity gradient data, velocity models 
for long-range and Rayleigh wave data, and resistivity 
models for DC and electromagnetic data [9–16]. Typi-
cally, this type of joint inversion method is relatively 
straightforward and can be easily implemented by 
incorporating data constraint items for other types of 
data into the objective function of separate inversion 
methods.

The second category, involving different geophysical 
data corresponding to different models, takes advan-
tage of relationships between different petrophysical 
models. Joint inversion employs an empirical relation-
ship between seismic velocity and gravity density 
models to reduce multiple solutions [17–18]. To reduce 
the ambiguity of inversion, the fuzzy C-means cluster-
ing algorithm can utilize the statistical relationship 
from the different petrophysical models [19,20]. Further-
more, numerous joint inversion methods are founded 
on cross-gradient constraint [21,22], correlation con-
straint [23–25] and Gramian constraint [26,27], which are 
extensively utilized for the joint inversion of diverse 
geophysical data. 

The structural similarity index calculates structural 
similarity for different images comprehensively from 
three perspectives image brightness contrast function, 
contrast function and structural contrast function [28]. 
Generally, different physical property models obtained 
from different geophysical data within the same region 
are correlated. The petrophysical models can reckoned 
as different images,  and the structural similarity index 
can serve as a constraint on structural consistency to 
constrain the physical property models. Additionally, 
the fractional form of the structural similarity index 
is converted to a denominator-subtracted-molecule 
format, which solves the analytical singularity in the 
denominator.

2. Methodology

2.1 Structural Similarity Index

The two physical parameters related to gravity and 
magnetic data are density m1 and susceptibility m2. Ac-
cording to the structural similarity quality evaluation 
algorithm [29], the structural similarity index between 
m1 and m2 is equation (1)

( ) ( ) ( ) ( )1 2 1 2 1 2 1 2SSIM , = L , C , S ,
α β γ

          m m m m m m m m

(1)

where L(m1, m2) is brightness contrast function, C(m1, 
m2) is contrast function and S(m1, m2) is structure com-
parison function, α, β and γ are the parameters. 

Thus, the processing methods of 2
1=x m  and 2

2=y m  
are adopted, and the following structural similarity 
constraint can be obtained as equation (2) [30].

( ) ( )( ) ( )2 22 2 2 2
SSIM , 4μ μ σ σ μ μ σ Φ = + + − x y x y x y xyx y

(2)

where μx and μy are  the mean values of x and y, σx and 
σy are  the variances of x and y, σxy is the covariance of 
x and y. In joint inversion, when the structures of the 
two physical property models are more similar, the 
value of structural similarity is smaller, which can be 
used as a new type of structural coupling constraint in 
joint inversion.

2.2 Objective Function of the Joint Inversion

Applying equation (2) to the objective function of 
a single inversion can obtain the objective function of 
SSIM inversion, such as equations (3) and (4).
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where Φ1 is the objective function of gravity anomaly 
data, d1 refers to the gravity data, m1 represents the re-
covered density model, G1 is the forward operator for 
gravity data, w1 is the weighting matrix for the density 
model, λ1 is the regularization parameter for gravity 
data, γ1 is the weighting parameter for structural simi-
larity in gravity, Φ2 stands for the objective function of 
magnetic anomaly data, d2 refers to magnetic data, m2 
represents the recovered susceptibility model, G2 is the 
forward operator for magnetic data, w2 is the weighting 
matrix for the susceptibility model, λ1 is the regulariza-
tion parameter for magnetic data, and γ2 is the weight-
ing parameter for structural similarity in magnetic.

2.3 Model Update

To solve the objective function in the weighted pa-
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rameter domain, set m1w = w1m1, m2w = w2m2, 1
1 1 1

−=wG G w  
and 1

2 2 2
−=wG G w . The equations (3) and (4) can be trans-

formed into the following form equation (5):
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And equation (6)
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For the convenience of calculation, the structural 
similarity constraint item does not change, but m1 and 
m2 are regarded as functions of  m1w and m2w, respec-
tively. To simplify the derivative equation, we define μx 
and μy as constants whose values are determined by 
the values of the previous iteration. Thus, the deriva-
tives of Φ1 and Φ2 with respect to m1w and m2w can be 
written as equation (7): 
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And equation (8):
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where diag[] indicates the transformation of a column 
vector into a diagonal matrix. The derivative of  Φ1 for 
m1w can be written as equation (9):
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Similarly, the derivative of Φ2 with respect to m2w can 
be expressed as equation (10):
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(10)

Then, the conjugate gradient algorithm can be car-
ried out, and the optimal m1 and m2 can finally be ob-
tained.

3. Results and Validation

To verify the proposed joint inversion method, syn-
thetic and actual data were used. In general, cross-gra-
dient joint inversion is widely used for joint inversion. 
Therefore, this paper compares the SSIM inversion 
method with the cross-gradient inversion method to 
verify its effectiveness and advantages.

3.1 Model 1

The spatial distribution of Model 1 is shown in Fig-
ure 1a and 1b. The gravity and magnetic data calculat-
ed from this model are shown in Figure 1c and 1d. The 
gravity and magnetic data conform to a regular grid of 
21 × 21 data points, for a total of 441 equidistant data 
points. During the inversion, there are 10 layers at a 
depth from 0 to 1000 m, and the mesh size is set to 
100 × 100 × 100 m. At the same time, the workspace is 
divided into 20 × 20 × 10 grid cells.

Firstly, a separate inversion was performed using 
the reweighted conjugate gradient method, which was 
subsequently used for the other data sets. Figure 2a 
is the vertical density slice at x = 1000 m, and Figure 
2b is the horizontal density slice at z = 400 m of the 
separate inversion results. Figure 2d shows the verti-
cal magnetization slice at x = 1000 m, and Figure 2e 
shows the horizontal magnetization slice at z = 400 
m of the separate inversion results. Comparing the 
results of gravity and magnetic inversion with the sec-
ond model, the recovered density and magnetization 
roughly delineate the distribution range of anomalous 
bodies. But there is a big difference compared with the 
actual model. Figure 2c and 2f show the changes in the 
data misfits of separate inversions. The residuals of 
the separate inversion of gravity and magnetic data are 
0.13 and 2.79, respectively.

Secondly, the cross-gradient joint inversion will be 
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executed. Let the weighting factors of the cross-gradi-
ent constraint item be 3.0e7 and 1.0e6 for gravity and 
magnetic, and set the values of other parameters to be 
consistent with the individual inversions. Figure 3a is 
the vertical density slice at x = 1000 m, and Figure 3b 
is the horizontal density slice at z = 400 m of the cross-
gradient inversion results. Figure 3d shows the vertical 
magnetization slice at x = 1000 m, and Figure 3e shows 
the horizontal magnetization slice at z = 400 m of the 
cross-gradient inversion results. Figure 3c and 3f show 
the changes in the data misfits of the cross-gradient 
inversions. The residuals of the cross-gradient inver-

sion of gravity and magnetic data for model 2 are 2.22 
and 2.61, respectively. Comparing the result of Figure 3 
with the result of Figure 2, the density distribution ob-
tained by the cross-gradient joint inversion has better 
vertical and horizontal distribution.

Then, let the weighted values of the SSIM constraint 
be 2.0e7 and 1.0e6 for gravity and magnetic inversion. 
Then, the SSIM inversion will be executed. Figure 4a is 
the vertical density slice at x = 1000 m, and Figure 4b 
is the horizontal density slice at z = 400 m of the SSIM 
inversion results. Figure 4d shows the vertical mag-
netization slice at x = 1000 m, and Figure 4e shows the 
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Figure 1. Spatial locations of the synthetic model 1 for density (a) and magnetization (b). The contour maps of 
forward gravity anomaly (c) and forward magnetic anomaly (d) of synthetic model 1.
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Figure 2. (a) and (b) are the slices of the separate inversion results of gravity data at x = 1000 m and z = 400 m, 
respectively. (d) and (e) are the slices of the separate inversion results of magnetic data at x = 1000 m and z = 400 
m, respectively. (c) and (f) are the changes of the data misfits during the iterative process of separate inversion 
for gravity and magnetic data.

Figure 1. Spatial locations of the synthetic model 1 for density (a) and magnetization (b). The contour maps of 
forward gravity anomaly (c) and forward magnetic anomaly (d) of synthetic model 1.
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Figure 2. (a) and (b) are the slices of the separate inversion results of gravity data at x = 1000 m and z = 400 m, 
respectively. (d) and (e) are the slices of the separate inversion results of magnetic data at x = 1000 m and z = 400 
m, respectively. (c) and (f) are the changes of the data misfits during the iterative process of separate inversion 
for gravity and magnetic data.

Figure 2. (a) and (b) are the slices of the separate inversion results of gravity data at x = 1000 m and z = 400 m, 
respectively. (d) and (e) are the slices of the separate inversion results of magnetic data at x = 1000 m and z = 400 
m, respectively. (c) and (f) are the changes of the data misfits during the iterative process of separate inversion 
for gravity and magnetic data.
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horizontal magnetization slice at z = 400 m of the SSIM 
inversion results. Figure 4c and 4f show the changes 
in the data misfits of SSIM inversion. The residuals for 
model 2 are 0.06 and 2.56, respectively. Comparing the 
results of Figures 4 and 3, it is found that the results 
of the SSIM inversion have been further improved. 
The vertical slice of density shown in Figure 4a has 
improved in spatial distribution, and the inverted 
density value has also become larger and more fo-
cused. Simultaneously, the horizontal slice value of the 

density shown in Figure 4b also becomes larger and 
more focused. Additionally, from the comparison of the 
above inversions for model 1, the final residual of the 
SSIM inversion is the smallest, which shows that the 
convergence is the best. Therefore, the SSIM inversion 
can not only proceed from the perspective of structural 
constraints but also from the size of the petrophysi-
cal models, which significantly improves the accuracy 
of the inversion results. Additionally, we find that the 
recovered density models improve greatly. Since the 
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Figure 3 (a) and (b) represent the slices of the results obtained through cross-gradient inversion of gravity data 
at x = 1000 m and z = 400 m, respectively. (d) and (e) represent the slices of the results obtained through cross-
gradient inversion of magnetic data at x = 1000 m and z = 400 m, respectively. (c) and (f) represent the changes in 
the data misfits resulting from joint inversion.
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Figure 4. (a) and (b) are the cross-sections of the SSIM inversion results of gravity data at x = 1000 m and z = 400 
m, respectively. (d) and (e) are the cross-sections of the SSIM inversion results of magnetic data at x =1000 m and 
z = 400 m, respectively. (c) and (f) represent the misfit of data during the iterative process of SSIM inversion.

Figure 3. (a) and (b) represent the slices of the results obtained through cross-gradient inversion of gravity data 
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the data misfits resulting from joint inversion.
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inverted magnetization intensity models are already 
very close to the actual models, their improvement is 
not very significant.

3.2 Model 2

A more intricate model was also utilized to verify 
the accuracy of the proposed approach. The spatial 
configuration of Model 2 is displayed in Figure 5a, 5b, 
5d, and 5e. The gravitational and magnetic data com-
puted from this model are shown in Figure 5c and 5f. 
Gravity and magnetic data adhere to a regular grid 
of 21 × 41 data points, totalling 861 equidistant data 
points. During the inversion process, there are 20 lay-
ers at a depth ranging from 0 to 1000 m, and the size 

of a cell is set to 100 × 100 × 100 m. Additionally, the 
work area is segmented into 40 × 20 × 20 grid cells.

Set the initial values of the density and magnetiza-
tion models to 0.1. First, individual inversions will be 
performed. Figure 6a is a vertical density slice at x = 
1000 m, and Figure 6b is a horizontal density slice at z =  
1000 m of the separate inversion results. Figure 6d 
shows a vertical magnetization slice at x = 1000 m, and 
Figure 6e shows a horizontal magnetization slice at z =  
1000 m of the separate inversion results. When com-
paring the results of gravity and magnetic inversions 
with model 2, the recovered density and magnetization 
roughly delineate the distribution range of anomalous 
bodies. However, there is a big difference compared 
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anomalies are calculated from the second density model. The cross-sections of the third magnetization model at  
x = 1000 m (d) and z = 1000 m (e). (f) The magnetic anomaly is calculated from the third magnetization model.
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Figure 6. (a) and (b) are the slices of the separate inversion results of gravity data at x = 1000 m and z = 1000 
m, respectively. (d) and (e) are the slices of the separate inversion results of magnetic data at x = 1000 m and  
z = 1000 m, respectively. (c) and (f) represent the changes in data misfits during the iterative process of separate 
inversion for gravity and magnetic data, respectively.
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x = 1000 m (d) and z = 1000 m (e). (f) The magnetic anomaly is calculated from the third magnetization model.
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m, respectively. (d) and (e) are the slices of the separate inversion results of magnetic data at x = 1000 m and  
z = 1000 m, respectively. (c) and (f) represent the changes in data misfits during the iterative process of separate 
inversion for gravity and magnetic data, respectively.
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with the actual model. Figure 6c and 6f show the 
changes in the data misfits of separate inversions. The 
residuals of the separate inversion of gravity and mag-
netic data for model 3 are 3.90 and 89.54, respectively.

Secondly, the cross-gradient joint inversion will be 
executed. We set the weighting factor of the cross-gra-
dient constraint item to 1.0e5, and align other param-
eters with the individual inversions of model 2. Figure 
7a depicts a vertical density slice at x = 1000 m, while 
Figure 7b illustrates a horizontal density slice at z = 
1000 m of the cross-gradient inversion results. Simi-
larly, Figure 7d displays a vertical magnetization slice 
at x = 1000 m, and Figure 7e exhibits a horizontal mag-
netization slice at z = 1000 m of the cross-gradient in-
version results. Figure 7c and 7f present the variations 
in data misfits during the cross-gradient inversions. 
Notably, the residuals from the cross-gradient inver-
sion of gravity and magnetic data for model 3 amount 
to 15.44 and 136.11, respectively. Upon comparing Fig-
ure 7 with Figure 6, we observe that the density distri-
bution achieved through cross-gradient joint inversion 
exhibits superior vertical and horizontal distribution, 
with a more concentrated density value. Hence, the 
results of the cross-gradient joint inversion have been 
significantly improved.

Finally, we set the parameter values to be identical 
to the corresponding values in the separate inversion. 
Additionally, we assign a weighted value of 0.1 to the 
SSIM inversion constraints. Subsequently, we proceed 
with the SSIM inversion for both gravity and magnetic 

data. Figure 8a is the vertical density slice at x = 1000 
m, and Figure 8b is the horizontal density slice at z = 
1000 m of the SSIM inversion results. Figure 8d shows 
the vertical magnetization slice at x = 1000 m, and 
Figure 8e shows the horizontal magnetization slice at  
z = 1000 m of the SSIM inversion results. Figure 8c and 
8f show the changes in the data misfits of SSIM inver-
sion. The residuals resulting from the SSIM inversion 
of gravity and magnetic data for model 2 are 4.82 and 
80.41, respectively. Comparing the results of Figures 8 
and 7, it is found that the results of the SSIM inversion 
have been further improved. The vertical slice of den-
sity shown in Figure 8a has improved in spatial distri-
bution, and the inverted density value has also become 
larger and more focused. Simultaneously, the horizon-
tal slice value of the density shown in Figure 8b also 
becomes larger and more focused. Additionally, from 
the comparison of the above inversions for model 2, 
the final residual of the SSIM inversion is the smallest, 
which shows that the convergence is the best. Compar-
ing the two joint inversion results of this model, the 
SSIM inversion has certain advantages. As suggested 
by the findings of model 2, the utilization of SSIM in-
version not only serves as a structural constraint but 
also enhances the consistency of the inversion results 
from the perspective of physical property values. The 
structure of the inversion result is not only more rea-
sonable, but the physical property value is also more 
closely aligned with the actual model.
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Figure 7. (a) and (b) are slices of the cross-gradient inversion results of gravity data at x = 1000 m and z = 1000 
m, respectively. (d) and (e) represent slices of the cross-gradient inversion results of magnetic data at x = 1000 
m and z = 1000 m, respectively. (c) and (f) depict the changes in data misfits during the iterative process of the 
cross-gradient inversion.
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3.3 Validation by the Field Data

This paper employs the SSIM inversion method to 
interpret gravity and magnetic data in the Pingbao lead-
zinc-silver polymetallic mining area located in Hunan 
Province, China. Firstly, the regional gravity anomaly is 
removed from the measured anomaly, resulting in the 
residual gravity anomaly (Figure 9a). Similarly, after grid-
ding the measured magnetic anomaly data, polarization 
processing is carried out to obtain the residual magnetic 
anomaly (Figure 9c). To perform a two-dimensional 

inversion, gravity and magnetic data extracted from an 
east-west trending profile (Figure 9b and 9d) are utilized 
in a programmed code of 2D SSIM inversion.

The observation line extends 6000 m, and the under-
ground space of the inversion area is divided into 60 × 
30 closely arranged rectangular units, each measuring 
100 m × 100 m. Initially, gravity and magnetic data are in-
verted separately using a uniform half-space model with 
a density of 0.1 g/cc and a magnetization of 0.1 A/m. In 
the inversions, the model’s physical properties are sub-
ject to interval constraints, with a density range set from  
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Figure 8. (a) and (b) are cross-sections of the SSIM inversion results for gravity data at x = 1000 m and z = 1000 
m, respectively. (d) and (e) represent cross-sections of the SSIM inversion results for magnetic data at x = 1000 m 
and z = 1000 m, respectively. (c) and (f) depict the variations in data misfits during the iterative process of SSIM 
inversion.
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Figure 9. (a) Pingbao mining area in Hunan Province displays residual gravity anomaly data. (b) The gravity 
anomaly is observed along the red survey line depicted in (a). (c) Pingbao mining area in Hunan Province exhibits 
residual magnetic anomaly data. (d) The magnetic anomaly is observed along the red survey line shown in (c).

Figure 8. (a) and (b) are cross-sections of the SSIM inversion results for gravity data at x = 1000 m and z = 1000 
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3.3 Validation by the Field Data

This paper employs the SSIM inversion method to 
interpret gravity and magnetic data in the Pingbao lead-
zinc-silver polymetallic mining area located in Hunan 
Province, China. Firstly, the regional gravity anomaly is 
removed from the measured anomaly, resulting in the 
residual gravity anomaly (Figure 9a). Similarly, after grid-
ding the measured magnetic anomaly data, polarization 
processing is carried out to obtain the residual magnetic 
anomaly (Figure 9c). To perform a two-dimensional 

inversion, gravity and magnetic data extracted from an 
east-west trending profile (Figure 9b and 9d) are utilized 
in a programmed code of 2D SSIM inversion.

The observation line extends 6000 m, and the under-
ground space of the inversion area is divided into 60 × 
30 closely arranged rectangular units, each measuring 
100 m × 100 m. Initially, gravity and magnetic data are 
inverted separately using a uniform half-space model 
with a density of 0.1g/cc and a magnetization of 0.1A/
m. In the inversions, the model’s physical properties are 
subject to interval constraints, with a density range set 
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–3 g/cc to 3 g/cc and a magnetization range set from –3 A/
m to 5 A/m. Additionally, the number of inversions is set 
to 200, and the fitting difference threshold is set to 1.0 ×  
102. Subsequently, separate inversions for real data are 
performed. The density slice of the inversion results is 
displayed in Figure 10a, and the inverted magnetization 
slice is shown in Figure 10c. Figure 10b and 10d exhibit 
the values of the data constraint items during the iterative 
process of separate inversions for gravity and magnetic 
data, respectively. The residuals of separate inversions for 
gravity and magnetic data on field data are 0.15 and 5.97, 
respectively. The separate inversions manage to distin-
guish between density and magnetization distributions. 
The density distribution corresponds well with gravity 
anomalies, exhibiting a pattern of high values in the cent-
er area and low values on both sides of the inverted area. 
Simultaneously, the anomalous magnetization distribu-
tion also displays a good correlation with magnetic data 
anomalies, showing high values in the center towards the 
west and low values on both sides of the inverted area. 
However, there exists a significant difference in the spa-
tial distribution of the density model and magnetization 
model, resulting in poor consistency between them.

Subsequently, the SSIM inversion is performed us-
ing parameter values consistent with the separate 
inversions. Additionally, let γ1 = 3.0e-6 and γ2 = 2.0e-6. 
The density slice of the joint inversion result is shown 
in Figure 11a, and the magnetization slice is shown in 
Figure 11c. Figure 11b and 11d display the values of 
the data constraint items during the iterative process 
of SSIM inversion for gravity and magnetic data, re-
spectively. Furthermore, the residuals of the SSIM in-
version of gravity and magnetic data for field data are 

0.13 and 17.17, respectively. The final residual of the 
joint inversion is approximately equal to the final re-
sidual of the separate inversion. The joint inversion can 
also distinguish between density and magnetization 
distributions. The density anomaly distribution cor-
responds well with gravity anomalies, exhibiting a pat-
tern of high values in the center area and low values on 
both sides of the inverted area. Similarly, the anoma-
lous magnetization distribution corresponds well with 
magnetic data anomalies, displaying a pattern of high 
values in the center towards the west and low values 
on both sides of the inverted area. Comparing Figure 
11 with Figure 10, the former shows that the density 
distribution and the magnetization distribution are 
more focused, and the consistency of the structure 
distribution is also improved. Based on the petrophysi-
cal properties and logging data of the mining area, it is 
inferred that strong magnetic pyrite, magnetized skarn 
and lead-zinc-silver ore in this mining area are as-
sociated with skarn. The lead-zinc-silver polymetallic 
deposit’s high density, coupled with the high magnetic 
properties of pyrite and magnetite skarn, allows for 
the retrieval of high density and magnetization distri-
butions through joint inversion. This approach effec-
tively delineates the regional location of polymetallic 
deposits and sharply defines the boundaries between 
the ore bodies and their surrounding rocks. However, 
it’s worth noting that the congruence between the den-
sity model and magnetization intensity model result-
ing from the joint inversion is not particularly strong, 
potentially stemming from the inconsistent match be-
tween the underground model and actual data.
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Figure10. (a) The result of the separate inversion of gravity data. (c) The result of the separate inversion of magnetic 
data. (b) and (d) represent the changes in the data misfits during the iterations of the individual inversions.
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4. Conclusions

We present a joint inversion method for gravity and 
magnetic data that incorporates a modified structural 
similarity index-based structural consistency constraint. 
This modified index utilizes a subtracted format instead 
of the traditional divided form, preventing analytical 
singularities and resulting in a more effective approach. 
Synthetic data experiments demonstrate the accuracy 
and effectiveness of our proposed approach, which out-
performs separate inversions. When compared to cross-
gradient inversion, SSIM inversion further enhances the 
inversion outcomes. Moreover, the application of SSIM 
inversion to actual data effectively identifies the region-
al location of the polymetallic deposit and delineates 
boundaries between ore bodies and surrounding rocks. 
This method not only introduces a new type of struc-
turally constrained joint inversion but also promotes 
consistency across physical property values, reducing 
non-uniqueness during inversion. Our newly proposed 
approach demonstrates superior performance and high 
efficiency in joint inversion, offering promising pros-
pects for geophysical inversion applications. We can find 
that the proposed method works well for the problem of 
joint inversion of homology, which is a very special joint 
inversion method, and its generalization needs further 
development.
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4. Conclusions

We present a joint inversion method for gravity and 
magnetic data that incorporates a modified structural 
similarity index-based structural consistency con-
straint. This modified index utilizes a subtracted for-
mat instead of the traditional divided form, preventing 
analytical singularities and resulting in a more effective 
approach. Synthetic data experiments demonstrate 
the accuracy and effectiveness of our proposed ap-
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